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DESIGN, MECHANICAL EXPERIMENTS AND MODELING ON  
A NEW FAMILY OF 3D PRINTED HYBRID CHIRAL MECHANICAL 
METAMATERIALS WITH NEGATIVE POISSON’S RATIO 
by 
Yunyao Jiang 
University of New Hampshire, May, 2019 
Emerging in the last decade, mechanical metamaterials have many engineering advantages 
due to unusual mechanical properties. Auxetic (with negative Poisson’s ratio) mechanical 
metamaterials, as an important family of these materials, have broad engineering applications 
including the design of new materials with increased indentation resistance, shear resistance, 
energy absorption capability and variable permeability.  
Chiral auxetic mechanical metamaterial is a sub-family of the auxetic material, which is 
with a geometry that is non-superposable on its mirror image. Compared to symmetric auxetic 
materials, such as re-entrant honeycombs or periodic porous materials, which have random 
handedness after instability, chiral materials have deterministic handedness and therefore are 
expected to have more robust auxetic effects under manufacturing errors with both small and 
large deformations.  
Moreover, due to the chirality, the deformation mechanisms of this sub-family of auxetic 
materials are quite interesting: for 2D cases, there will be shear-compression/tension coupling 
effects; and for 3D cases, there will be twist-compression/tension coupling effects. 
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In this dissertation, through innovative 2D and 3D designs, a new family of auxetic chiral 
mechanical metamaterials were systematically developed. Besides auxetic effects, several new 
deformation mechanisms were designed and thoroughly investigated, such as a sequential cell 
opening mechanism, a rotation-induced chiral pattern transformation triggered either by 
mechanical instability or shape memory effects, and shear/twist-compression/tension coupling 
effects. To prove the concept, multi-material 3D printing was extensively used to fabricate 
hybrid designs for both uniaxial and bi-axial compression/tension experiments. A novel bi-
axial compression apparatus was designed and fabricated via 3D printing to perform bi-axial 
compression on a uniaxial material testing machine.  
To better understand the mechanical behaviours of these materials and predict the 
mechanical properties of the designs, both sophisticated structural models and advanced 
continuum models such as monoclinic material model and micropolar elasticity are used for 
mechanical modelling.  
In summary, through the innovative designs, the database of existing chiral auxetic 
metamaterials is significantly expanded which expedites the discovery of new mechanical 
properties and behaviours. Also, the extended database enables the development of advanced 





Chapter 1 Background and Introduction 
1.1  Mechanisms of auxeticity  
Materials with negative Poisson’s ratio are also called auxetic materials. Open cell auxetic 
cellular solids are dominant among all auxetic materials. Based on different deformation 
mechanisms, existing auxetic open cell solids can be roughly classified into two categories: 
cellular solids composed of symmetric units with re-entrant angles [1-4], and those composed 
of asymmetric units that rotate when deformed [5-12]. Auxetic chiral cellular solids fall into 
the latter category. Due to the multi-functional properties of cellular solids, they are also called 
mechanical metamaterials.  
Each mechanism has its own advantages. For the concept of re-entrant angle, dramatic 
auxetic effects can be effectively achieved and therefore the material with re-entrant angles can 
easily reach the limiting Poisson’s ratio of -1 for isotropic materials [1-3], and by tailoring the 
anisotropy, the Poisson’s ratio can be further reduced in one direction [13] with no lower limit. 
However, based on this mechanism, the auxetic effects cannot sustain large deformation, 
because the structure will lose stability and then lose auxeticity due to the breakage of the re-
entrant symmetry after the instability [13].  
Compared with this mechanism, auxetic cells with chiral geometry have deterministic 
handedness and are expected to have more robust Poisson’s ratio performance under 
manufacturing errors with both small and large deformations [14-16]. For example, a recent 
study on a class of perforated rubber sheet containing quasi-random cuts showed that chiral 
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geometry was less influenced by disordered perturbations in their geometry with Poisson’s 
ratio remaining more or less constant [17-19]. Also, recent research on pre-twisted kagome 
lattices showed that by introducing asymmetric ligaments to the periodic porous structures, the 
compaction path of the porous structure can be more exquisitely controlled to reach much 
richer range of pattern transformation [20]. However, for single-material open-cell auxetic 
chiral cells, the Poisson’s ratio cannot reach the lower limit of -1, this drawback can be 
overcome with multi-material design. 
Jiang and Li found that by applying multi-material (hybrid) design concept on a missing 
rib type of auxetic chiral cellular solids, the Poisson’s ratio can almost reach -1, which is the 
lower limit for isotropic materials [21, 22]. Also, by further introducing geometry and the 
material combinations of the core cells, the Poisson’s ratio can be tailored in a very large range 
[21, 22]. 
1.2  Structural models for auxeticity 
In the literature, auxetic deformations were explored via a convenient geometric model 
with ‘skeletal structures’ of perfect rigid rods that pivot freely at common joints [23, 24]. The 
deformation behavior of ‘skeletal structures’ has been extensively studied [5, 6, 23-25]. 
However, it was found that the Poisson’s ratio predicted from a skeletal structure model is quite 
different than the Poisson’s ratio measured from the corresponding elastic cellular solids.  
For example, based on ‘skeletal structures’, the Poisson’s ratio of the ‘missing rib’ type of 
chiral cell [5] was predicted as -1, but finite element simulations of the ‘missing rib’ type elastic 
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cellular solids showed a Poisson’s ratio of ~ -0.3 to -0.5 [6], as was further confirmed by micro-
scale uniaxial tension experiments [26]. This big difference is because of the rotation-free 
assumption made at the common joints in the ‘skeletal structure’.  
Jiang and Li proposed a rigid rod rotational spring model (RRRS) [21, 22] by introducing 
rotational springs at the joints of the rigid rods and were able to accurately predict the Poisson’s 
ratio for 3D printed 2D auxetic chiral cells. In this model, one new parameter, the internal 
rotation efficiency is introduced, which is the key to fix this difference and bridge the existing 
model with the reality. 
In this thesis, we will continue to use the concept RRRS model to quantify the overall 
mechanical properties beyond the Poisson’s ratio, such as effective stiffness in various 
directions, coupling effects, etc. Also, for practical design, the spring constants will be 
quantitatively related to the real structures.  
1.3  Continuum models for mechanical chirality 
A chiral geometry is non-superposable on its mirror image. If a cellular solid has a chiral 
geometry, it is called chiral cellular solid. For a lot of cases, chiral cellular solids also show 
auxetic effects under certain conditions. By considering the chiral cellular solid as a continuum, 
both classical Cauchy continuum theory and generalized continuum theories will be used to 
model the elasticity of chiral cellular solid.  
There are some typical material models existed including isotropic model and anisotropic 
models. The latter models also include transversely isotropic model, orthotropic model, and 
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monoclinic model. The differences of them can be explained from the aspect of the symmetry 
of the material properties. 
For example, an isotropic material contains infinite planes of symmetry passing through a 
material point. So, there are only two independent material constants to determine the elasticity 
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For transversely isotropic materials, they are symmetric about an axis that is normal to a 
plane of isotropy and this transverse plane has infinite axes of symmetry. There are five 
independent material constants to determine the elasticity of the material. The constitutive 
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The five independent constants are 𝐶11, 𝐶12, 𝐶13, 𝐶33, and 𝐶44. 
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For orthotropic materials, there are three orthogonal planes of symmetry. There are nine 
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The nine independent constants are 𝐶11, 𝐶22, 𝐶33, 𝐶12, 𝐶13, 𝐶23, 𝐶44, 𝐶55, 𝐶66.  
For monoclinic materials, they have only one plane of symmetry. So, there are 13 
independent material constants. If the plane is x-y plane, the constitutive relation and stiffness 
matrix is shown in Eq.(1.3), as, 
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The 13 independent constants are 𝐶11, 𝐶22, 𝐶33, 𝐶12, 𝐶13, 𝐶23, 𝐶44, 𝐶55, 𝐶66, 𝐶45, 
𝐶16, 𝐶26, 𝐶36. 
For general anisotropic materials, there are no planes of symmetry. So, there are 21 
independent constants. The constitutive relation and stiffness matrix is shown in Eq.(1.3), as, 
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12 22 23 24 25 26
13 23 33 34 35 36
14 24 34 44 45 46
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The 21 independent constants are 𝐶11 , 𝐶12 , 𝐶13 , 𝐶14 , 𝐶15 , 𝐶16 , 𝐶22 , 𝐶23 , 𝐶24 , 𝐶25 , 
𝐶26, 𝐶33, 𝐶34, 𝐶35, 𝐶36, 𝐶44, 𝐶45, 𝐶46, 𝐶55, 𝐶56, 𝐶66. 
Consider a 2D chiral structure with extruded geometry in the third direction. There is only 
one plane of symmetry. Therefore, for this type of chiral structure, monoclinic model 
potentially can be used to capture the effective mechanical properties of the 2D chiral cell. If a 
fully 3D chiral structure is considered, since there is no plane of symmetry, the anisotropic 
model need to be used to potentially capture the effective mechanical properties of a fully 3D 
chiral cell. The large amount of material constant makes this modeling effort almost impossible.  
Due to the chirality-induced rotation, the stress-strain relation of the equivalent continuum 
is not linear any more. Generalized continuum theories will consider this nonlinear relation by 
either introducing additional rotational degrees of freedom or the strain gradients effects at the 
material points, and therefore can potentially serve as a better option for chiral auxetic cellular 
solids. 
For example, the micropolar theory introduces rotational degrees of freedom in three 
directions to a material point, and therefore can potentially capture the internal rotation of the 
chiral cells. Also, due to the internal rotation, additional curvature strain and coupled stress 
may also be generated in the equivalent continuum of the chiral cells. These additional 
quantities can also be captured by micropolar elasticity. 
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1.4  Existing auxetic designs  
Auxetic cells with various geometries were obtained/observed via various methods 
including mathematical optimization [14, 15, 27], topological tessellation [23], slits and cuts 
[17, 28], the instability of symmetric periodic porous material [29-31], and direct design of 
zero bulk modulus dilatational systems with rigid polygons or bars and pivots [2, 11, 32] as 
shown in Fig.1.1. Numerous research has demonstrated that geometry is a very important 
determinant of the deformation modes of auxetic mechanical metamaterials, and the 
connections between the architecture of such materials and their macroscopic properties have 
been extensively investigated [20, 28, 33-36]. 
 
Figure 1.1 Examples of various geometries of auxetic materials obtained via different 
methods 
Mathematical optimization Topological tessellation Slits and cuts
Instability
Rigid polygons
Wang et al. (2014) Mitschke et al. (2011)
Grima et al. (2016)
Shim et al. (2013)
Grima et al. (2000)
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However, most of these model systems were single-material ones and little results were 
shown on how the material composition influenced the deformation mechanisms of auxetic 
mechanical metamaterials. This is partially because of the limitations and challenges in 
manufacturing hybrid materials with multiple phases. Recently, the ability to design and 
fabricate 2D and 3D metamaterials at the mico- and nano-scale has been greatly increased [26, 
37, 38]. For example, the fast development in additive manufacturing (3D printing) enables 
easy and precise control of both the geometry and material composition of complex composites, 
providing an opportunity to release the constraints in the traditional manufacturing process of 
auxetic mechanical metamaterials [5, 6, 26, 38, 39].  
Here, we took this opportunity to explore how the geometry and material combination can 
be jointly tailored to optimize the auxetic effect by integrating design, 3D printing, mechanical 
experiments and modeling approaches. 
Due to the auxetic effects, auxetic mechanical metamaterials have many engineering 
advantages, such as increased indentation resistance, shear resistance, and energy absorption 
capability [1, 40-42]. They also facilitate the formation of synclastic curvature [1], and have 
better acoustic properties over their conventional counterparts [28, 43-47]. Therefore, auxetic 
mechanical metamaterials have broad applications in many areas including the design of 
biomedical materials and devices such as medical scaffolds, bandages, drug reservoirs and 
Drug Eluting Stents (DES) [26, 48, 49]; innovative foldable or deployable devices [20]; smart 
responsive composites; actuators and sensors [20, 50, 51]; and metamaterials with unique 
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wave-propagation properties [28, 47, 52]. More extended reviews of auxetic mechanical 
metamaterials can be found in recent review papers [42, 53-55]. 
1.5  Thesis outline 
The structure of the thesis is the following: in Chapter 2, fundamental deformation 
mechanisms of chiral and re-entrant cells for auxeticity will be investigated and compared. In 
Chapter 3, new auxetic chiral mechanical metamaterials with re-entrant auxetic cores are 
designed to achieve a unique cell opening mechanism. In Chapter 4, new auxetic chiral 
mechanical metamaterials with chiral auxetic cores are designed to achieve a unique cell 
opening mechanism and color changing. In Chapter 5, a new apparatus for performing bi-axial 
compression experiments was designed and bi-axial compression experiments were performed 
on auxetic chiral cellular solids and square lattices with rotation-induced pattern transformation. 
In Chapter 6, 2D chiral cells will be modeled as a continuum through monoclinic and 
micropolar theories, and the modeling results will be validated via FE simulations. In Chapter 
7, 3D auxetic chiral designs will be developed and the deformation mechanisms of them will 
be explored through mechanical experiments on 3D printed specimens and numerical 
simulations. Finally, in Chapter 8, conclusions will be summarized, and the future work will 






Chapter 2 Chiral vs. Re-entrant 
2.1 Introduction 
The auxetic open-cell cellular solids have broad engineering applications [1, 40-44] due to 
the light weight, auxetic effects [20, 26, 48-51], and superior acoustic properties [28, 29, 36, 
43, 44, 46, 47]. As one of the earliest auxetic open-cell materials, re-entrant honeycomb was 
developed from hexagonal honeycomb by introducing re-entrant angles [1], as shown in 
Fig.2.1a. The major mechanism for auxeticity is that the ribs forming the re-entrant angle rotate 
in/out upon uniaxial compression/tension.  
 
Figure 2.1(a) The mechanism of re-entrant angle induced auxeticity and (b) the mechanism of 
chirality induced auxeticity. 
 
In 1990s, as another category of auxetic open cell materials, chiral cellular solids were 
proposed [40], such as a triangular lattice with central rings [56], and a ‘missing-rib’ 
honeycomb which was created by selectively deleting some of the ribs in a diamond 




auxetic effect is induced by the rotation of slant ribs. As shown in Fig.2.1, the slant ribs in a re-
entrant cell rotate in opposite directions due to the mirror symmetry of the structure, but the 
ribs in a chiral cell rotate in the same direction. Therefore, cells with chiral geometry have 
deterministic handedness and are expected to have more robust Poisson’s ratio performance 
[14, 17, 47]. In previous work [21, 22], the relationship between the internal rotation and the 
auxetic effects of the ‘missing-rib’ type of chiral cellular solids was extensively quantified, and 
it was concluded that the auxetic effect can be amplified by elevating the internal rotation. By 
utilizing the concept of chirality-induced auxeticity, new chiral auxetic open cell cellular solids 
were designed with new sequential cell opening mechanisms [57, 58]. 
There is another active avenue of research on instability-induced auxetic effects in porous 
materials and lattice structures [29, 35, 45, 47, 59, 60]. It provided an interesting concept of 
designing instability-induced auxetic materials. After instability, initial symmetric structures 
lose their symmetry, leading to auxetic effects. However, the deformed shape of the symmetric 
auxetic structures is not deterministic because the handedness of the first buckled unit cell is 
randomly selected and determines the overall buckled shape. In contrast, the chiral auxetic 
open cell materials have deterministic chirality, and the mechanical behavior and properties of 
them can be well-controlled by the geometry and material composition.  
In this study, mechanical experiments on 3D printed prototypes of the re-entrant 
honeycomb and the ‘missing-rib’ type chiral cells were performed under uniaxial compression. 
The nonlinear mechanical behaviors of both designs under large compressive loads were 
investigated via both mechanical experiments and finite element simulations. Through stability 
12 
 
simulations of both designs with the consideration of geometric constrains, we calculated the 
limiting strain for preserving auxetic effects for each of the two different cellular configurations.  
2.2 The designs of the re-entrant and chiral specimens 
Specimens of a re-entrant honeycomb and a missing-rib type of chiral cellular solids were 
designed in CAD software Solidworks. The representative volume element (RVE) of each 
specimen is shown in Fig.2.2. For the re-entrant honeycomb, the cell geometry is determined 
by two non-dimensional parameters, the ratio between vertical segment and slant segment ℎ 𝑙⁄  
and the re-entrant angle 𝜃 (𝜃 is negative), as shown in Fig.2.2a. For the chiral specimen, the 
geometry is determined by the corner angles 𝛼 and 𝛽, and the rib length 𝑎, (see Fig.2.2b). 
The ribs in the chiral specimen have the same length.  
 
Figure 2.2 (a)The schematic drawings of the representative volume element (RVE) of (a) the 
re-entrant honeycomb specimen and (b) the chiral specimen. 
 
The 3D geometries of the two specimens are shown in Fig.2.3. The geometric parameters 












and 𝜃 = 30°; and those of the chiral specimen were chosen as 𝑎 = 3.54 𝑚𝑚, 𝛼 = 𝛽 = 90°. 
The overall dimensions for both specimens are 50mm × 50mm × 20mm along directions 1, 
2, and 3, respectively. To keep the overall volume fraction of the two specimens the same 
(~38%), the two specimens possess slightly different in-plane thicknesses of the ribs. As shown 
in Fig.2.3, for the re-entrant honeycomb, the in-plane thickness of the ribs is 𝑡ℎ =1.59mm, and 
for the chiral specimen, the in-plane thickness of the ribs is 𝑡𝑐=1.50mm.  
 
Figure 2.3 the 3D geometry of (a) the re-entrant honeycomb specimen and (b) the chiral 
specimen. 
2.3 Mechanical experiments on the 3D-printed specimens 
The two designs were then fabricated via a multi-material 3D printer (Objet Connex 260), 
and the digital material DM9760 (with shear modulus ~0.92 MPa) from the 3D printer was 
used as the model material for both specimens. To allow full curing, the printed specimens 











were then placed between two compression disks which are mounted on a Zwick/Roell material 
testing machine. Mechanical experiments under quasi-static uniaxial compression were 
performed. The overall strain rate was controlled as 10−3  per second. To track the 
deformation of the specimens, dark markers were added on the specimens (Fig.2.4), and a high-
resolution camera was used to track the displacement of each marker during the experiments. 
For the re-entrant honeycomb, uniaxial compression experiments were performed along 
in directions 1 and 2, respectively. While for the chiral one, the experiments were only 
performed in direction 2 because the properties along directions 1 and 2 are the same due to 




Figure 2.4 The undeformed and deformed configurations of the re-entrant honeycomb 
compressed (a) in direction 1, (b) in direction 2, (c) and those of the chiral specimen. 
 
Finite element simulations of the experiments on the two designs were performed in 
ABAQUS/STANDARD V6.13. Four-node 2D plane stress elements (CPS4) were used. In the 
FE models, two types of boundary conditions were applied: one is that the bottom edge was 
fixed in both horizontal and vertical directions, and a prescribed displacement in vertical 
direction was applied at the top edge to represent the uniaxial compression (the solid lines in 
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the other is periodic boundary condition (the dash lines in Fig.2.5 and 2.6), which is to represent 
the case with infinite numbers of cells.  
In all FE models, the nonlinear geometry effect was considered and contact between the 
ribs were defined. For the model material DM9760, an incompressible hyperelastic Mooney-
Rivlin model was used. The strain energy density function W of the Mooney-Rivlin model is 
𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3), where 𝐼1 and 𝐼2 are the first and second strain invariants of 
left Cauchy-Green deformation tensor. The material parameters, 𝐶10 and 𝐶01, were obtained 
from the standard experiments of both uniaxial tension and compression of the material: 
𝐶10=0.46MPa, 𝐶01=0MPa, (in the true strain range of ~ -0.8 to 0.4) [22]. These material 
parameters were then input into ABAQUS for FE simulations. The results from experiments 
and FE simulations with the two different boundary conditions are shown in Fig.2.5 and 2.6.  
 
Figure 2.5 Engineering stress vs. engineering strain (Symbols are experimental data; the solid 
lines are FE results with experimental boundary conditions; and the dash lines are FE results 
with periodic boundary conditions). 
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The mechanical response of the two specimens are quite different. For the re-entrant 
honeycomb shown in Fig.2.5, the curves in both directions show a linear increase up to ~3-4% 
strain followed by a plateau with slight softening. Then hardening occurs when the overall 
strain goes beyond ~25%. In the initial linear range, the stiffness and the peak stress of the re-
entrant honeycomb compressed in direction 1 is higher than that in direction 2, but the overall 
strains at the peaks and the incipient of strains at the hardening in the two directions are almost 
identical.  
For the chiral specimen, as shown in Fig.2.5, the stress increases monotonically with the 
strain, and no peak/sharp turning points were observed in the stress-strain curves. The curve 
increases almost linearly at the beginning and increases dramatically after ~16% overall strain 
due to self-contact. This self-contact occurs earlier, and the curve increases much more 
dramatically for the chiral specimen than for the re-entrant honeycomb. The FE results with 
the experimental boundary conditions (solid lines) show that the dramatic increase of the stress-
strain curves are due to the densification of the specimen and the contact between the ribs under 
large deformation. On the other hand, the FE results with periodic boundary conditions are 
generally higher than those of experiments. For the re-entrant honeycomb specimen 
compressed in direction 1, the FE results with periodic boundary conditions are much higher 
than the experimental data, indicating the results are sensitive to the numbers of cells in the 
specimen. However, for the re-entrant honeycomb specimen compressed in direction 2 (D2) 
and the chiral specimen, the FE results with periodic boundary conditions are only slightly 




Figure 2.6 Poisson’s ratio vs. overall engineering strain curve (Symbols are experimental 
data; the solid lines are FE results with experimental boundary conditions; and the dash lines 
are FE results with periodic boundary conditions). 
 
As shown in Fig.2.6, for the re-entrant honeycomb, the initial Poisson’s ratio is ~ -0.6 in 
direction 1 and ~ -0.4 in direction 2. When the over strain reaches ~3-4% which is coincident 
with the peaks of the stress-strain curves, the Poisson’s ratios in both directions increase 
dramatically. This indicates that the peak stress in the stress-strain curves is relating to the 
instability, after which the auxetic effects are lost in both directions. On the other hand, the 
Poisson’s ratio of the chiral specimen keeps as a constant ~ -0.3 before densification.  
The undeformed and deformed (at 10% overall strain) configurations of the two specimens 
are shown in Fig.2.4. When the re-entrant honeycomb is subject to compression in direction 1, 
instability occurs with the entire specimen bulged out to one side. For the re-entrant honeycomb 
compressed in direction 2, localized instability occurs within two middle horizontal layers of 
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cells. However, the deformation within the chiral specimen is quite uniform, and there is no 
dramatic change in cell patterns during the deformation.   
For re-entrant honeycomb structures subjected to compression, these results show that 
instability occurs under relatively small deformation (~3-4%) and the auxetic effect diminishes 
after instability. On the other hand, the chiral specimen preserves the auxetic effects under 
much larger deformation. Under large deformation, the constant auxetic effects and the 
significant volume reduction of the chiral structure lead to more dramatic and earlier hardening 
of the chiral specimen than those of the re-entrant honeycomb. 
2.4 Analytical model for predicting the instability and auxetic effects 
2.4.1 Re-entrant honeycomb 
In addition, we also analytically investigate micro-instability of the re-entrant honeycomb 
by following the work by Gibson and Ashby [61]. Since direction 2 is the critical direction for 
instability, based on Euler-Bernoulli beam theory, the critical strain for the instability within 






where, n is the rotational stiffness, depending on the degree of constraint to rotation at the ends 
of the ribs [61]. On the other hand, based on the kinematics constraints of the re-entrant 
honeycomb deformed under compression in direction 2, the limiting strain for the self-contact 








So, the limiting strain 𝑐𝑟2
∗  of the honeycomb for the auxetic effects in direction 2 can be 
determined as: 
 𝑐𝑟2
∗ = 𝑚𝑖𝑛( 𝑐𝑟2
𝑐 ,  𝑐𝑟2
𝑖 ). (2.3) 









The FE results and the analytical predictions are compared in Fig.2.7, in which the FE 
results are marked as circular symbols. The shaded areas represent the design space for the re-
entrant honeycomb to preserve the auxetic effect under compression. Generally, the FE 
simulations are consistent with the analytical predictions. Also, the FE and analytical results of 
the initial Poisson’s ratio are shown in Fig.2.8. It shows that when ℎ/𝑙 increases and/or 𝜃 
decreases, the Poisson’s ratio decreases. The slight differences between the FE and theoretical 
results are due to the assumptions of Euler-Bernoulli beam theory. 
 
Figure 2.7 Comparison of the theoretical and FE results of the limiting strain vs. re-entrant 
angle for re-entrant honeycombs for the cases of 𝑙 𝑡⁄ = 10 
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Figure 2.8 Comparison of the theoretical and FE results of the Poisson’s ratio for re-entrant 
honeycombs for the cases of 𝑙 𝑡⁄ = 10. 
2.4.2 Chiral cellular solids 
For chiral cells, since macro-instability is more critical than micro-instability, the self-
contact between the ribs can be an approximate criterion for losing auxetic effects. Based on a 
rigid-rod-rotational spring model [21, 22], through kinematic analysis, the critical strain for 
















 , (2.5) 
where 𝑅𝑝/𝑎  is the internal rotation efficiency which depends on the ratio between the 
rotational stiffness of the rotational springs 𝐾𝜃/𝐾𝛽. From a systematic parametric study via FE 
simulations, we find that 𝑅𝑝/𝑎 is usually larger than 0.45 for all different geometries of chiral 
cells. Therefore, 𝑅𝑝/𝑎 = 0.45 will be used to predict the upper bounds of the Poisson’s ratio 
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for the chiral cellular solids. In addition, based on the rigid-rod rotational spring model, the 





2.5 Design space for preserving auxetic effects under compression 
For auxetic material, the Poisson’s ratio is an important material property and the value of 
it is critical to evaluate the mechanical performance. As shown in section 2.2, the auxetic effect 
of cellular solids will disappear after instability or contact between ribs under compression. 
Therefore, for design, it is important to investigate not only the auxetic effect but also the 
limiting strain under which the auxetic effect is preserved. In this section, the Poisson’s ratio 
before limiting strain and the value of limiting strain are jointed evaluated, providing a useful 
design space for both materials. 
According to Eqs.(2.1)-(2.6), the design spaces for re-entrant honeycombs and the chiral 
cellular solids can be determined from the plots of the Poisson’s ratio vs. overall limiting 
compressive strain for losing auxetic effects for all possible geometries. For the re-entrant 
honeycomb, according to Eqs.(2.1)-(2.4), the lower bounds of the Poisson’s ratio and the 
limiting strain for all possible geometries are plotted in Fig.2.9 as functions of ℎ/𝑙 and 𝜃. For 
the chiral cellular solids, according to Eqs.(2.5) and (2.6), the upper bounds of the Poisson’s 
ratio and the limiting strain for all possible geometries are plotted in Fig.2.10 as functions of α 




Figure 2.9 The design space of Poisson’s ratio vs. limiting strain of auxetic effect for all 
possible geometries of the re-entrant honeycombs. 
 
For the re-entrant honeycombs, Fig.2.9 shows that when θ decreases, and/or h/l increases, 
the Poisson’s ratio will be reduced, indicating a stronger auxetic effect. However, the reduction 
in Poisson’s ratio is accompanied by the significant reduction of the limiting strain to lose 
auxetic effect.  
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Figure 2.10 The design space of Poisson’s ratio vs. limiting strain of auxetic effect for all 
possible geometries of the ‘missing-rib’ type of chiral cellular solids. 
 
For the chiral cellular solids, Fig.2.10 shows that when α increases, and/or β decreases, the 
Poisson’s ratio can be reduced. Although the limiting strain to lose auxeticity will also be 
reduced to some extend compared with re-entrant honeycombs, the chiral cellular solids can 
preserve the auxetic effect under much large deformation. For example, for the chiral cellular 
solids, the limiting strain for losing auxetic effects is always larger than ~30% when α is larger 




































































Due to the instability and contact between the ribs, auxetic open cell cellular solids may 
lose auxeticity beyond certain compressive strain. We have explored the limiting strains for 
preserving auxetic effects for auxetic open cell materials of two types: re-entrant honeycomb 
and the ‘missing-rib’ type chiral cellular solids. Mechanical experiments of the 3D printed 
specimens show that the re-entrant honeycomb subjected to compression suffers instability 
before hardening while the chiral specimen under compression does not exhibit drastic 
instability before rib contact. A series of FE simulations using a unit-cell model with periodic 
boundary conditions confirm the instability behavior of the finite-size specimens of those two 
types of auxetic structures. 
Moreover, we have quantified the relation between the Poisson’s ratio and the limiting 
strain for losing auxetic effects for both re-entrant honeycombs and chiral cellular solids. For 
both types of lattices, the auxetic effects and the limiting compressive strain for auxetic effects 
are mutually exclusive, i.e. if the goal is to achieve a more negative Poisson’s ratio (a stronger 
auxetic effect), the sacrifice needs to be made on the limiting strain for preserving this auxetic 
effect. For all the possible geometries, the re-entrant honeycombs can only preserve strong 
auxetic effects under very small overall compressive strain (<~3-4%), beyond which auxetic 
effects will be lost. However, due to the chirality-induced rotation, the chiral cellular solids can 
preserve auxetic effects under much larger compressive strain (>~10-30%). These results 




Chapter 3 3D Printed Auxetic Metamaterials with Chiral 
Cells and Re-entrant Cores 
3.1  Introduction 
Mechanical metamaterials are a category of lightweight artificial materials which can 
achieve unique mechanical properties via innovative geometric design [37, 62-68]. The fast 
development of 3D printing enables rapid prototyping on arbitrary complex geometry and 
therefore provides a great opportunity to invent new mechanical metamaterials [5, 6, 26, 38, 
39, 69]. Within the family of mechanical metamaterials, auxetic mechanical metamaterials are 
one of the most interesting sub-families due to the effects of negative Poisson’s ratio [70-76], 
and therefore the increased indentation resistance, shear resistance, superior energy absorption 
capability, and acoustic properties [1, 28, 40-42, 44-47, 77-79]. The auxetic mechanical 
metamaterials have broad engineering applications in designing energy absorption foams, 
smart composites, sensors and actuators, and biomedical devices and materials [26, 48-51]. 
For auxetic mechanical metamaterials, the negative Poisson’s ratio can be tuned by 
tailoring the geometry of the unit cells. The existing auxetic mechanical metamaterials, 
especially those with open-cell structures, follow two basic deformation mechanisms: 
symmetric units with re-entrant angles [1-4], and chiral units that rotate when deformed [5-12, 
80, 81]. Each mechanism has its own advantages. For the concept of re-entrant angle, dramatic 
auxetic effects can be effectively achieved and therefore the materials with re-entrant angle can 
easily reach the limiting Poisson’s ratio of -1 for isotropic material [1-3], and by tailoring the 
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anisotropy, the Poisson’s ratio can be further significantly reduced in one direction [13]. 
However, the auxetic mechanical metamaterials based on this mechanism cannot sustain large 
compressive deformation, because the structure will lose stability and then lose auxeticity due 
to the breakage of re-entrant symmetry after instability [13]. Compared with this mechanism, 
auxetic mechanical metamaterials with chiral geometry have deterministic handedness and are 
expected to have more robust Poisson’s ratio performance under manufacturing errors with 
both small and large deformation [14-16], although for quasi-isotropic open-cell auxetic chiral 
mechanical metamaterials, the Poisson’s ratio cannot reach the lower limit of -1. This drawback 
can be overcome with multi-material design or structure modification [21, 22].  
Recently, it was found that the auxetic effect is positively correlated to the chirality-induced 
rotation efficiency, and by adding soft hinges or harder cores, the auxetic effects of chiral 
metamaterials can be significantly amplified [21, 22]. In addition, by introducing a chiral core 
cell, a unique sequential cell opening mechanism can be achieved [57]. In this investigation, 
by fully utilizing the advantages of the two basic deformation mechanisms of re-entrant angle 
and chirality, new auxetic mechanical metamaterials are developed: a re-entrant core cell is 
introduced to the center of a missing-rib type of chiral cell. Therefore, a new hybrid cell with 
both design elements is generated. The new hybrid design shows new mechanical properties 
and wide tunability under a very large range of overall strain.  
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3.2  Conceptual design and Prototyping via 3D printing 
As explored recently [57], by introducing an auxetic core cell to a chiral base cell, a 
sequential cell opening mechanism can be achieved. Based on the two basic deformation 
mechanisms for auxetic effects, there are two options for the core cell geometry: chiral 
geometry and re-entrant geometry (Fig.3.1). Due to the different geometry, the deformation 
mechanisms of the two different core cells are quite different. Conceptually, as shown in 
Fig.3.1, for the chiral core cell, cell rotation and cell opening are always coupled, although 
during the initial cell rotation, the cell opening can be small [57]; while for the re-entrant core 
cell, cell rotation and cell opening are independent, which means when the re-entrant core cell 
rotates, it barely opens, and it opens only when it is stretched. Thus, it is expected that compared 
with the first design option with chiral core cell [57], the latter one with re-entrant core cell can 
have a much larger overall strain to trigger the core cell opening.   
 







To explore the second design option, new chiral mechanical metamaterials with re-entrant 
core cells were designed (Fig.3.2). The missing-rib type of chiral cell with rib-length 𝑏0 was 
used as the starting geometry (Fig.3.2a). A bowtie sharped re-entrant core cell was added at the 
center of the chiral cell. Then the four ribs in the center were disconnected from the cell center 
O and formed an open core cell. Thus, a unit cell of new periodic chiral metamaterials was 
generated.  
 
Figure 3.2 (a) The concept of generating a new chiral cell with re-entrant core cell and (b) the 
two types of cells in the new periodic chiral metamaterials. 
 
In this way, the new hybrid mechanical metamaterials have two types of cells: (1) base 
chiral cells with major size 2𝑏0 (highlighted in blue in Fig.3.2b, left), and (2) re-entrant core 
cells (highlighted in red in Fig.3.2b, left) with major size 2𝑐0 . The cell size ratio 𝑐0/𝑏0 
between the two types of cells is an important non-dimensional parameter to determine the 

















Other geometric parameters include the distance 𝑐𝑟 between the two re-entrant tips in the core 
cell, and the re-entrant angle 𝜃. The initial ratio 𝑐𝑟 2𝑏0⁄  between the core cells and base cells 
is related to the initial length ratio 𝑐0/𝑏0 and re-entrant angle 𝜃 via: 
 𝑐𝑟 2𝑏0⁄  = 𝑐0/𝑏0(1 − 𝑐𝑜𝑠 𝜃). (3.1) 
According to Eq.(3.1), the size ratio 𝑐𝑟 2𝑏0⁄  between the core cells and the base cells can 
be tailored by the cell size ratio 𝑐0/𝑏0 and the re-entrant angle 𝜃, as shown in Fig.3.3. When 
𝑐0/𝑏0 and 𝜃 increase, 𝑐𝑟 2𝑏0⁄  will increase. 𝑐𝑟 2𝑏0⁄  can be tuned between 0 to 1 as well. 
Thus, as shown in Fig.3.3, the geometry of the new hybrid cell is determined by any two of the 
three non-dimensional geometric parameters, 𝑐0/𝑏0, 𝑐𝑟 2𝑏0⁄ , and 𝜃. 
 
Figure 3.3 The relation between cell size ratio 𝑐𝑟 2𝑏0⁄ , and the cell size ratio 𝑐0/𝑏0 and the 
re-entrant angle 𝜃. 
 





























It is known that the bending of the connecting ribs (highlighted as grey in Fig.3.2) can 
significantly reduce the re-entrant effect of the core cells. So, to achieve better auxetic 
performance, a multi-material design strategy is used to reduce the bending of the connecting 
ribs and therefore to achieve better auxetic effects for the core cell. In the design, stiffer material 
is used for the connecting ribs in the core cells, as shown in Fig.3.2b (right), in which the rib 
material has a larger shear modulus  1, and the major material (dark green color in Fig.3.2) 
has a smaller shear modulus  2 . An alternative single-material design is provided in the 
appendix 3.A.   
To explore the influences of the core size (determined by 𝑐0/𝑏0) and the re-entrant angle 
(determined by 𝜃) on the deformation mechanisms of the new chiral metamaterials, three 
specimens were designed as shown in Fig.3.4. The dimensions of the major part of all three 
specimens are 75mm x 75mm x 20mm along x, y and z directions, respectively. The in-plane 
(x-y plane) thickness of the ribs is 1.5 mm, the cell size ratio 𝑐0/𝑏0 are 0.50, 0.50 and 0.67, 
respectively, and the re-entrant angle 𝜃 are 70, 60 and 60 degrees, respectively. The size of 
the base cells (𝑏0 = 5.30 𝑚𝑚) is the same for all three specimens. To reduce the boundary 
effects, straight linkages were added between the top and bottom boundaries of the specimens 
and the shoulders. Thus, the only difference between Specimens 1 and 2 is the angle 𝜃, and 




Figure 3.4 The three specimens of the new chiral metamaterials with 𝑐0 𝑏0⁄ =
0.5, 0.5 𝑎𝑛  0. 7 and re-entrant angle 𝜃 = 70𝑜 ,  0𝑜 , an   0𝑜 for Specimens 1, 2 and 3, 
respectively 
 
The three designs were then fabricated via a multi-material 3D printer (Objet Connex 260). 
To allow full curing, all specimens were tested 24 hours after printing under room temperature. 
All three specimens were printed with the same two materials: the major material DM9760 
(with shear modulus ~0.92 MPa) and the connecting rib material VeroWhite (with Young’s 
modulus ~2GPa, Poisson’s ratio ~0.35, shear modulus ~740.7MPa). Therefore, the only 
difference between Specimens 1 and 2 is the re-entrant angle 𝜃. The only difference between 
Specimens 2 and 3 is the cell size ratio 𝑐0/𝑏0. 
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To evaluate the cell opening mechanisms of both the core cell and the base cell during 









  , (5.3) 
where, 𝑐𝑟0 and 2𝑏0 are the initial sizes of the core cell and the base cell, respectively, and 
𝑐𝑟 and 2b are the sizes of the corresponding cells under deformed configuration, as shown in 
Fig.3.5.  
 
Figure 3.5 The schematic drawing showing the change in size of each cell during 
deformation. 
3.3  Experiments vs. FE simulations 
Uni-axial tension experiments and FE simulations were performed for all three specimens. 
Mechanical experiments on the 3D printed specimens were performed under quasi-static (with 
overall strain rate 10−3 per second) uniaxial tension. To allow full curing, all specimens were 
tested 24 hours after printing under room temperature. The experiments were conducted on a 








printed as VeroWhite material and were gripped on the machine. Markers were made on each 
corner of the cells, and a high-resolution camera was used to record the deformed 
configurations of the specimens at each time instant during the experiments. By post-
processing the images, the displacement history of each marker point was obtained, from which 
the Poisson’s ratio 𝜈, and the cell size b and c were calculated at each overall displacement. FE 
simulations of the tensile experiments on the three specimens were performed in 
ABAQUS/STANDARD V6.13. Four-node 2D plane stress elements (CPS4) were used and the 
accuracy was verified by mesh refinement study. Since the hard ribs in specimens barely 
deform during tension, linear elastic material model with Young’s modulus E=2GPa, the 
Poisson’s ratio v=0.35, was used (measured from standard dogbone tests) [22]. For rubbery 
DM9760, incompressible hyperelastic Mooney-Rivlin model was used. The strain energy 
density function 𝑊of the Mooney-Rivlin model is 𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3), where 𝐼1 
and 𝐼2 are the first and second stress invariants. The material parameters were obtained from 
the standard experiments of both uni-axial tension and compression. For DM9760, 𝐶01 =
0.4  Pa, 𝐶10 = 0 Pa, (in the true strain range of ~-0.8 to 0.4). The bottom edges of the FE 
models were fixed, and a prescribed displacement was applied at the top edge. The 
experimental and FE results of the three specimens are shown in Figs.3.6a, 3.6b and 3.6c, 
respectively. All specimens showed auxetic effects so that the horizontal dimensions of all 
specimens increase under the vertical tension. The deformed configuration and the FE contours 
of the maximum principal in-plane strain for three specimens are also shown in Fig.3.6 to 
compare with experimental results. It shows that at ~35% overall tensile strain, the deformed 
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configurations from the FE simulations are very similar to those of the corresponding 
experiments.  
 
Figure 3.6 Experimental and FE results: snap-shots of the deformed configurations at 
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The FE and experimental results of the CoFs of the core cell and the base cell for each 
specimen are plotted as functions of the overall tensile strain ε in Fig.3.7a, 3.7b and 3.7c, 
respectively. It shows that for all three specimens, initially, 𝐶𝑜𝐹𝑏 increases more rapidly than 
𝐶𝑜𝐹𝑐, as indicates that the base cells open first; while, 𝐶𝑜𝐹𝑐 is almost zero and barely changes 
at the beginning. When the overall strain increases beyond ~20%, 𝐶𝑜𝐹𝑐  starts to increase 
rapidly, as indicates the core cells start to open. The experimental results show a sequential 
cell-opening mechanism with base chiral cell opens much faster than the re-entrant core cell. 
Although, the opening rate of the base cells is quite similar for different geometries, the opening 
rate of the core cells can be tuned widely by tailoring the geometry. Also, it was observed that 
for all three specimens, the core cells and base cells rotate in opposite directions: the core cells 
rotate counter-clockwise (positive) and the base cells rotate clockwise (negative). 
 
Figure 3.7 Experimental and FE results: the curves of CoFs vs. overall strain of (a) 
Specimen1; (b) Specimen 2; and (c) Specimen 3 (lines represent FE results and symbols 



































The Poisson’s ratio vs. overall strain curves of the three specimens are shown in Fig.3.8. 
It shows that for Specimens 1, 2 and 3, the Poisson’s ratios initially are ~-0.22, ~-0.21 and ~-
0.15, respectively, and then decrease during deformation. When the wavy ribs are all stretched 
up along the loading direction, the Poisson’s ratios reach a valley (with Poisson’s ratio about -
0.8) and then start to increase. The overall strain for Specimens 1, 2 and 3 reaching the 
minimum Poisson’s ratios are ~0.34, ~0.36 and 0.40, respectively. The large differences 
between FE and experimental results for large deformation is because that failure occurs in 
experiments, but it was not modeled in the FE simulations. 
 
Figure 3.8 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of Poisson’s ratio vs. overall strain for all three specimens. 
 














The load-displacement curves of the three specimens are shown in Fig.3.9. It shows that 
for all three specimens, the overall load-displacement behaviour is hyperelastic with a smaller 
stiffness at the beginning and then a dramatic hardening after a certain strain. The hardening is 
due to the rib stretching after the straightening of the curved ribs. Specimens 1 is the stiffest, 
followed by Specimen 2, and Specimen 3 is the softest. The FE prediction and experimental 
results are consistent. 
 
Figure 3.9 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of load-displacement curves for all three specimens 
3.4  More design options 
For the current hybrid design, the handedness of the base cells is the same, and the re-
entrant angles of the core cells are connecting to the passive ribs. By alternating the handedness 
of the base cells, and the orientation of the core cells, more design options can be developed. 
FE models of four design options are setup, as shown in Fig.3.10: Ax represents the design with 

























the base cells having the same handedness and the re-entrant angles of the core cells connecting 
to the active ribs (this happens to be the original design loading in x direction); Ay represents 
the design with the base cells having the same handedness and the re-entrant angles of the core 
cells connecting to the passive ribs (this happens to be the original design loading in y direction); 
Bx represents the design with base cells having alternating handedness and the re-entrant angles 
of the core cells connecting to the active ribs; and By represents the design with the base cells 
having alternating handedness and the re-entrant angles of the core cells connecting to the 
passive ribs. 
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For all FE simulations, periodic boundary conditions were applied on all four edges of the 
unit cells. For all four cases, the cell opening factors CoFb and CoFc of base cells and core cells 
are output and compared in Fig.3.11a and 3.11b, respectively. As shown in Fig.3.11, for all 
four cases, the base cells open faster than the core cells, and the cell opening rates for the base 
cells are almost the same. The cell opening rate of the design Bx is the largest, followed by Ax, 
By and Ay. The effective stress-strain curves (Fig.3.12a) show that the stress-strain relationships 
of the four cases are very similar at small deformation (less than 10% overall strain) and all 
curves harden at large deformation. But the hardening slopes are quite different: By has the 
largest hardening slope, followed by Ay, Bx and Ax. As for the Poisson’s ratio (Fig.3.12b), for 
the Ax and Ay cases, the Poisson’s ratios first slightly decrease and then increase when the 
overall strain reaches ~30%; while for the Bx and By cases, the Poisson’s ratios increase first 
and then slightly slow down when the overall strain reaches ~20%. This difference is due to 
the two types of the overall chiral structures. 
 
Figure 3.11 the curves of (a) 𝐶𝑜𝐹𝑏 and (b) 𝐶𝑜𝐹𝑐 vs. overall strain for the four cases. 














    



















Figure 3.12 (a) The stress-strain curves and the (b) curves of Poisson’s ratio vs. overall strain 
for all four cases. 
 
Among the four design options, Ay has the largest difference between the cell-opening rates 
of the base cells and core cells, indicating the largest sequential cell opening steps. Also, the 
Poisson’s ratio of Ay is close to a constant under finite deformation, indicating stable auxetic 
effects. Therefore, for the parametric studies in the following sections, we focus on design Ay. 
3.5  Parametric study on the Poisson’s ratio and the effective stiffness 
To further explore the mechanical behaviour of the new designs in a large design space, a 
thorough parametric study was performed via FE simulations. In the parametric study, we 
focused on the two most important design parameters: the cell size ratio 𝑐0/𝑏0, and the re-
entrant angle 𝜃. The influences of each parameter on the initial Poisson’s ratio and the overall 
effective stiffness were quantified. To exclude the boundary effects and get the intrinsic 



































mechanical properties of the material, periodic boundary conditions were used in all FE 
simulations. Uniaxial tensile loads were applied at the boundaries.  
Specifically, in all FE models, unit cell size 𝑏0, and the shear modulus  1 and  2 were 
kept the same (𝑏0 = 5.30 mm,  1 = 2 0 MPa,  2 = 0.2  MPa), and by varying 𝑐0 from 
1.50mm to 3.92mm with seven different values, 𝑐0/𝑏0 varied as 0.28, 0.33, 0.42, 0.50, 0.58, 
0.67, and 0.74, respectively. The re-entrant angle 𝜃 varied as seven different values: 50, 55, 
60, 65, 70, 75, and 80 degrees. Thus, total 49 different FE simulations were performed for this 
parametric study. 
The FE results of the initial Poisson’s ratio are plotted as functions of cell size ratio 𝑐0/𝑏0 
and re-entrant angle 𝜃 in Fig.3.13. It shows that for all various 𝑐0/𝑏0, when the re-entrant 
angle 𝜃 increases, the Poisson’s ratio 𝜈 will decrease monotonically. However, when 𝑐0/𝑏0 
increases, the Poisson’s ratio will decrease first and then increase after reaching a valley. For 
example, when 𝜃 = 70°, when 𝑐0/𝑏0 increases to 0.50, the Poisson’s ratio decreases from -
0.55 to -0.65 and then increases when 𝑐0/𝑏0 increases beyond 0.50. For parameters chosen, 




Figure 3.13 The Poisson’s ratios for all 49 FE models 
 
The FE results of the initial effective stiffnesses in loading direction (y direction) are 
nondimensionalized by the Young’s modulus E2 of the major material and are plotted as 
functions of cell size ratio 𝑐0/𝑏0 and re-entrant angle 𝜃 in Fig.3.14. It shows that when the 
re-entrant angle 𝜃 increases, the stiffness always increases. However, when 𝑐0/𝑏0 increases, 






Figure 3.14 The nondimensionalized effective stiffness for all 49 FE models. 
3.6  Systematic quantification on cell opening and particle release 
mechanisms 
The unique sequential cell opening mechanisms can be used to design sequential particle 
release mechanisms. FE simulations were performed to study the particle release mechanism. 
For all FE simulations, periodic boundary conditions were used. As shown in Fig.3.15, the 
geometry of Specimen 2 was chosen for the simulations, one big circular particle (indicated in 
blue) and one small circular particle (indicated in red) are introduced to the base cell and the 
core cell, respectively. Both the big and small particles are ~20% larger than the initial size of 
the base chiral cells (2𝑏0) and that of the core cell (𝑐𝑟), respectively. The FE simulations include 
two major steps: Step 1, to interact and hold the two particles, the hybrid cell was pre-stretched 












the particles and the cell walls, so that both particles are held in the cells after unloading. Step 
2, a prescribed uniaxial displacement is introduced to the system of cells and particles. The FE 
results are shown in Fig.3.15.  
 
Figure 3.15 The schematics of sequential particle release 
 
Fig.3.15 shows the three stages of deformation (from left to right) and therefore the 
sequential particle release mechanism: (i) initial stage, both particles are held, (ii) the big 
particle is released from the base chiral cell while the small particle is still held in the re-entrant 
core cell, and (iii) both big and small particles are released. The three stages are quantified by 
the evolution of contact area between each particle and the cell wall. The contact areas are 
output as functions of the overall strain in Fig.3.16, in which the blue curve represents the 
contact area of the big particle, and the red curve represents that of the small one. Fig.3.16 
shows that the contact area of the big particle held in the base cell becomes zero when the 
overall strain reaches ~0.16, indicating the release of the big particle; when the overall strain 
reaches ~0.3, the contact area of the small particle held in the re-entrant core cell becomes zero, 
indicating the release of the small particle.  
Particle 1
Particle 2




Figure 3.16 FE results of the contact area between particles and the cell walls vs. overall 
strain 
 
The sequential particle release mechanism is due to the sequential cell-opening of the 
hybrid design. The evolution of CoFs are output from FE simulations and are plotted in 
Fig.3.17 (dash line represents the case without particle and the solid line represents the case 
with particles embedded). For the case with particles, the CoFs of both cells start at about 0.2 
and keep unchanged until the particle release occurs. After the particles are released, the CoFs 
for the cases with and without particles are identical. 




















Figure 3.17 The CoFs vs. overall strain (dash line: without particles, and solid line: with 
particles). 
 
To systematically explore the particle release mechanisms, 49 FE simulations with cell 
parameters the same as before were performed. The particles were assumed to be 10% larger 
than the corresponding initial cell size. The overall strains for releasing the base cell and core 
cell are defined as 𝑏
∗ and 𝑐
∗, respectively. Thus from the FE simulations, 𝑏
∗ and 𝑐
∗, are the 
strains corresponding to CoFb and CoFc equaling to 0.1, respectively, as shown in Fig.3.18b. 
𝑏
∗ and 𝑐
∗ of the forty-nine FE models were plotted as functions of cell size ratio 𝑐0/𝑏0  and 


















Figure 3.18 The sequential particle release mechanisms, the schematics of the mechanism of 
bigger particle releasing first, followed by the release of smaller particle 
 
Fig.3.19 and 3.20 show that when 𝑐0/𝑏0 decreases and/or 𝜃 increases, 𝑐
∗ will increase. 
While for 𝑏
∗, when 𝑐0/𝑏0 increases, 𝑏
∗ will first slightly decrease and then will increase; 
and when 𝜃 decreases, 𝑏
∗ will increase. For all parameters chosen, 𝑏
∗ is smaller than 𝑐
∗, 
indicating the big particle will release earlier than the small particle. The extreme cases are 
marked by hollow symbols on Fig.3.19, for which 𝑐
∗ will be very large and the small particle 
will not be released until very large overall strain. Those extreme cases are beyond our interests 


























Figure 3.19 The overall strain 𝑐
∗ for releasing the smaller particles as a function of 𝑐0 𝑏0⁄ , 
and 𝜃. 
 
Figure 3.20 The overall strain 𝑏













































Big particle – chiral base cell
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3.7  Conclusions 
In summary, based on the concept of chirality-induced rotation, new hybrid auxetic 
metamaterials were designed by introducing re-entrant core cells to the centre of a basic chiral 
cell. The new designs were proved to have sequential cell-opening mechanisms under a very 
large range of overall strain, 2.91% to 52.6%. From mechanical experiments on 3D printed 
prototypes and systematic FE simulations, two non-dimensional parameters: the cell size ratio 
𝑐0 𝑏0⁄ , and the re-entrant angle 𝜃, are identified to be the most important parameters to govern 
the effective stiffness, the Poisson’s ratio and the cell-opening mechanisms of the new designs. 
FE simulations of particle release were performed, showing the unique cell-opening 
mechanism of the new designs can be used for sequential particle release. The particle release 
strain for both particles are systematically explored via FE simulations. It was found that when 
𝑐0/𝑏0 decreases and/or 𝜃 increases, 𝑐
∗ will increase. However, 𝑏
∗ is not sensitive to the 
geometry.  
The new designs have potential wide applications in designing smart mechanical 
metamaterials which can be responsive to external load and/or environmental conditions such 
as light, temperature and humidity. The design concepts can be used to develop new material 
systems, sensors and/or actuators with broad engineering functions such as drug delivery and 
colour change for camouflage. 
51 
 
Chapter 4 3D Printed Auxetic Metamaterials with Chiral 
Cells and Chiral Cores 
4.1  Introduction 
Cephalopods including squid, cuttlefish, and octopus, have amazing camouflaging 
capability due to responsive chromatophore organs on the skins [82-88]. The major mechanical 
components of a chromatophore organ is a single pigment-containing chromatophore cell and 
four to twenty-four radially arranged muscle fibers. Under muscular fiber contraction, the 
chromatophore cells experience dramatic and rapid change in area during deformation and 
therefore the pigment translocation. More interestingly, by selectively and sequentially 
expanding and retracting distinct groups of chromatophores, skin color can vary in a large range. 
Inspired by this mechanism, artificial chromatophores were designed by utilizing different 
material systems such as electroactive polymer [89, 90], soft synthetic system [91] and 
capillary origami [92]. In this paper, inspired by chromatophore organs, to achieve dramatic 
volume change, the concept of auxetic effect (i.e. negative Poisson’s ratio effect) was used to 
design innovative auxetic soft meta-materials, in which chirality-induced rotation was used to 
generate sequential cell opening mechanism upon a single far-field uniaxial loading. The 
unique chirality-induced sequential cell opening mechanism, together with the auxetic effects 
can be used to design smart metamaterials for actuation, drug delivery and camouflage. 
Auxetic material is an unusual material which expands in one direction when they are 
stretched in another direction. This unusual auxetic effect is due to the negative Poisson’s ratio. 
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As one category of auxetic material, auxetic metamaterials have broad applications due to the 
advantages of lightweight, superior indentation resistance, shear resistance, and energy 
absorption capability [1, 40-42] and better acoustic properties over conventional counterparts 
[28, 43-47]. Therefore, auxetic materials have broad applications in designing biomedical 
scaffolds, bandages, drug reservoirs and stents [26, 48, 49]; innovative foldable or deployable 
devices [20]; smart responsive composites, actuators and sensors [20, 50, 51], and stretchable 
soft electronic materials [93]. 
Recently, 3D printed auxetic chiral metamaterials were shown to have chirality-induced 
internal rotation, and quantitative relation between the internal rotation and auxetic effects were 
discovered [21, 22]. It was found that auxetic effects can be significantly amplified by elevating 
internal rotation. The internal rotation can be increased by adding center cores or softer corner 
materials [21, 22]. By applying this concept, and to further utilize chirality-induced internal 
rotation to trigger sequential cell opening mechanism, new types of auxetic chiral 
metamaterials were designed with an auxetic chiral core cell located in the center of a basic 
chiral cell. By tailoring the geometry of the center cell and material combination, the sequential 
cell opening mechanism, the effective tensile stiffness and the Poisson’s ratio can be all tuned. 
In this study, specimens for the novel composite chiral auxetic metamaterials with finite 
number of cells were designed and fabricated via a multi-material 3D printer (Objet Connex 
260). The mechanical properties and deformation mechanisms were quantified via mechanical 
experiments and finite element (FE) simulations under uniaxial tension. Then, FE models with 
periodic boundary conditions were developed to systematically explore the influences of 
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geometry and material combination on the stiffness, Poisson’s ratio and the cell-opening 
mechanisms. In addition, as a showcase for potential applications of the new metamaterials 
designed, sequential particle release mechanisms were also systematically explored. Another 
potential application in the conceptual design of “meta-chromatophores” for color changing 
were also studied and shown. 
4.2  Conceptual design and Prototyping via 3D printing 
To achieve unique cell opening mechanism, new chiral metamaterials with auxetic cellular 
cores were designed. The chiral cell with rib-length 𝑏0 was used as the starting geometry [6] 
(Fig.4.1b, 𝑐0/𝑏0 = 0), then each rib connecting to the cell-center O was offset 𝑐0 clockwise 
to create a core cell. Thus, a unit cell of new periodic chiral metamaterials was generated. More 
details of this design are provided in appendix 4.A. 
 
Figure 4.1 Schematic drawing of the new hybrid auxetic chiral cell. 
 
In this way, in the new chiral metamaterials, two types of cells exist: (1) base chiral cell 
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2𝑐0  (highlighted as red in Fig.4.1a). The base cell and core cell are both chiral but have 
different handedness (one is clockwise, the other is counter-clockwise). The cell size ratio 
𝑐0/𝑏0 between the two types of cells is an important non-dimensional parameter to determine 
the geometry of the new metamaterials. Since 𝑐0 is always less than 𝑏0, 𝑐0/𝑏0 can vary 
between 0 and 1. The schematic in Fig.4.1b shows different geometries with different 𝑐0/𝑏0. 
It shows that when 𝑐0/𝑏0 increases, the size of the core cells increases. The more detailed 
information on the volume ratio between core and base cells according to different 𝑐0/𝑏0 is 
provided in the appendix 4.A. 
To achieve better auxetic performance, a multi-material design strategy was used. Softer 
materials were introduced at the turning corners of the design, as shown in Fig.4.1a, in which 
the rib material has a larger shear modulus  1, and the corner material has a smaller shear 
modulus  2. This is because that rib bending can significantly reduce the auxetic effect of the 
metamaterials [21, 22]. By introducing the softer corners, bending in each rib can be 
significantly reduced. Therefore,  1/ 2 is another important design parameter to tailor the 
cell-opening mechanism and the auxetic effects of the new design. By vary 𝑐0/𝑏0 and   1/ 2, 
two cell opening mechanisms can be achieved: (1) mechanism I, a sequential cell-opening 
mechanism with core cells open faster than base cells as shown in Fig.4.2 (top), the cells deform 
in two steps: Step1, core cells open, while base cells mainly rotate clockwise; Step2, base cells 
open, while core cells mainly rotate counter-clockwise; (2) mechanism II, a sequential cell-
opening mechanism with base cells open faster than core cells, as shown in Fig.4.2 (bottom), 
the cells deform also in two steps with opposite order: Step1, base cells open, while core cells 
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mainly rotate counter-clockwise; Step2, core cells open, while base cells mainly rotate 
clockwise. It worth noting that for both mechanisms, due to different handedness, the chiral 
base cells and core cells rotate in opposite directions. 
 
Figure 4.2 The schematic drawing showing the two cell opening mechanisms. 
4.3  Experiments vs. FE simulations 
To explore the influences of geometry (determined by 𝑐0/𝑏0) and material combination 
(determined by  1/ 2) on the deformation mechanisms, three specimens were designed as 
shown in Fig.4.3. 𝑐0/𝑏0  is 0.28, 0.50 and 0.50 for specimens 1, 2 and 3, respectively. 
Specimens 1 and 2 were printed mainly as VeroWhite (acrylic polymer with Young’s modulus 
 = 2GPa, the Poisson’s ratio 𝑣 = 0.35) with DM9760 (the digital material in the 3D printer 
and is softer than VeroWhite) as the softer coners; Specimen 3 was printed mainly as DM9760 
with TangoPlus (rubbery material in the 3D printer and is softer than DM9760) as the softer 
Mechanism I: Core (smaller) cells open first













step 1 step 2
step 1 step 2
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corners. Therefore, the only difference between specimens 1 and 2 are the cell size ratio 𝑐0/𝑏0 
and the only difference between specimens 2 and 3 are the material combination  1/ 2. Since 
limited number of cells is used in the experiment. The straight and soft linkage is designed to 
connect the cells to the shoulder clamped on the test machine. More detail about the linkages 
is provided in the appendix 4.B. Then the specimens were fabricated via a multi-material 3D 
printer (Objet, Connex 260) and tested under uniaxial compression. 
 
Figure 4.3 Specimens of the new auxetic chiral metamaterials with 𝑐0 𝑏0⁄ =
0.2 , 0.5 an  0.5 for specimens 1, 2 and 3, respectively. 
 
To evaluate the cell opening mechanisms of both the core cell and the base cell. A 
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where, 2𝑐0 and 2𝑏0 are the initial size of the core cell and the base cell, and 2c and 2b are 
the corresponding size of the cells under deformed configuration (schematically shown in 
Fig.4.2). Markers were made on each corner of the cells, and a high-resolution camera was 
used to record the deformed configurations of the specimens at each time instant during the 
experiments. By post-processing the images, the displacement history of each marker point 
was obtained, from which the Poisson’s ratio ν, and the cell size b and c were calculated at 
each overall displacement. 
FE simulations of the experiments on the three specimens were performed in 
ABAQUS/STANDARD V6.13. The boundary condition is exactly same as the experiment 
which the top edge is controlled for a prescribed displacement to represent the tension in 
experiments. The nonlinear geometry effect is on since the large deformation is applied. Four-
node 2D plane-stress elements (CPS4) were used and the accuracy was verified by mesh 
refinement study. The total number of the FE elements is ~40000. Since the hard ribs in 
specimens 1 and 2 barely deform during tension, linear elastic material model was used [21, 
22]. For rubbery TangoPlus and the DM9760, incompressible hyperelastic Mooney-Rivlin 
model was used [94]. No plastic deformation is considered in this study. The strain energy 
density function 𝑊of the Mooney-Rivlin model is 𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3), where 𝐼1 
and 𝐼2 are the first and second stress invariants. The material parameters were obtained from 
the standard experiments of both uni-axial tension and compression of the three materials [22]. 
For TangoPlus, 𝐶01 = 0.099 Pa, 𝐶10 = 0.031 Pa, (in the true strain range of ~ -0.8 to 0.4); 
and for DM9760, 𝐶01 = 0.4  Pa, 𝐶10 = 0 Pa, (in the true strain range of ~-0.8 to 0.4). 
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These materials parameters were then input to ABAQUS for FE simulations. Thus,  1/ 2 is 
805.15, 805.15 and 3.54 for specimens 1, 2 and 3, respectively. 
The experimental and FE results of the three specimens are shown in Fig.4.4a, 4.4b, and 
4.4c respectively. For all specimens, under the vertical tension, the horizontal dimension 
increases, indicating negative Poisson’s ratio. The experimental deformed configuration and 
the FE contours of principal in-plane strain 𝑝 for three specimens and zoomed centre cells 
are shown in Fig.4.4. It shows that FE simulations accurately predict the deformed 





Figure 4.4 Experimental and FE results: snap-shots of the deformed configurations at 
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The CoFs of the core cell and the base cell for each specimen are compared and plotted as 
functions of the overall tensile strain ε in Fig.4.5a, 4.5b and 4.5c, respectively. It shows that for 
Specimen 1 (Fig.4.5a), 𝐶𝑜𝐹𝑐 increases more rapidly than 𝐶𝑜𝐹𝑏, as indicates that core cells 
open faster than the base cells. While, for Specimen 2 (Fig.4.5b), initially 𝐶𝑜𝐹𝑏 and 𝐶𝑜𝐹𝑐 
increase with almost the same rate indicating simultaneous cell opening of both base cells and 
core cells. However, for Specimen 3 (Fig.4.5c), 𝐶𝑜𝐹𝑏 increases more rapidly than 𝐶𝑜𝐹𝑐, as 
indicates that base cells open faster than core cells. The experimental results show that by 
varying the geometry and material combination, three interesting cell opening mechanisms can 
be achieved: (1) a sequential cell-opening mechanism with core cells open faster than base cells 
(mechanism I); (2) base cells and core cells open simultaneously; and (3) a sequential cell-
opening mechanism with base cells open faster than core cells (mechanism II).  
 
Figure 4.5 Experimental and FE results: the curves of CoFs vs. overall strain of (a) 


























From previous research [21, 22], for chiral metamaterials, the auxetic effect is determined 
by the rotation efficiency of the chiral cell. The rotation efficiency 𝑅𝑝/𝑎 was defined as the 
ratio between the rate of change of the rotation angle 𝜑𝑝 of the passive ribs (ribs deform along 
the horizontal direction, shown in Fig.4.6), and the rate of change rotation angle 𝜑𝑎 of the 
active ribs (ribs deform along the loading direction), i.e. 
𝑅𝑝/𝑎 =  𝜑𝑝  𝜑𝑎⁄ .                        (4.2) 
The rotation angles of the active and passive ribs were measured from the experiments, 
with details shown in the appendix 4.C. 
 
Figure 4.6 𝑅𝑝/𝑎 vs. overall strain for all three specimens. 
 
Rotation efficiency 𝑅𝑝/𝑎  for all specimens are plotted in Fig.4.6. Fig.4.6 shows that 
Specimen 1 has the largest 𝑅𝑝/𝑎, and the 𝑅𝑝/𝑎 of Specimens 2 and 3 are similar. Therefore, as 
shown in Fig.4.7, the Poisson’s ratio of Specimen 1 is the lowest (~-0.5 to -0.65), and the 












Poisson’s ratio of Specimens 2 and 3 are very similar (~-0.2 to -0.45). It shows that for 
Specimens 1, 2 and 3, the initial Poisson’s ratio is ~-0.50 ~-0.22, and ~-0.20, respectively. The 
Poisson’s ratio of all three specimens first decreases during deformation, and then reaches a 
valley when the active ribs are all stretched, after which the Poisson’s ratio starts to increase. 
For the specimens 1, 2 and 3, the overall strains corresponding to the minimum Poisson’s ratio 
are ~0.19, ~0.27 and 0.36, respectively. The calculation way of the Poisson’s ratio for the 
experiments and numerical analysis is provided in the appendix 4.D. 
 
Figure 4.7 Poisson’s ratio vs. overall strain for all three specimens. 
 
The load-displacement curves of the three specimens are shown in Fig.4.8. It shows that 
the specimens 1 and 2 are stiffer than specimen 3. The FE prediction and experimental results 
are very consistent.  












Figure 4.8 Load-displacement curves of all three specimens. 
4.4  Parametric study on the Poisson’s ratio and the effective stiffness 
To systematically explore the design space and the corresponding mechanical behaviour 
of the new chiral metamaterials, parametric study was performed via FE simulations. In the 
parametric study, we focused on the two most important design parameters the cell size ratio 
𝑐0/𝑏0, and the shear modulus ratio  1  2⁄  between the rib material and soft corner material. 
The influences of each parameter on the initial Poisson’s ratio, overall stiffness and the rate of 
change of CoFs were quantified. To exclude the boundary effects and get the intrinsic 
mechanical properties of the material, periodic boundary conditions were used in all FE 
simulations in the parametric study. 
Specifically, in all models, unit cell size 𝑏0, and the shear modulus  2 of the soft corner 
materials was kept the same (𝑏0= 5.30mm,  2 =0.26 MPa), and by varying 𝑐0 from 1.50mm 
























to 3.80mm with seven different values, 𝑐0/𝑏0 was varied as 0.28, 0.34, 0.42, 0.50, 0.58, 0.66, 
and 0.70. By varying shear modulus  1 of the majority of the ribs from 0.26 MPa to 260 MPa 
with seven different values,  1  2⁄  was varied as 1, 4, 10, 40, 100, 400, and 1000. Thus, total 
49 different FE simulations were performed for this parametric study. 
Fig.4.9 shows the rate of change of CoFs ( 𝐶𝑜𝐹/ ) for core cells and base cells for all 
FE models at 5% overall strain. It can be seen that generally, for core cells, when 𝑐0/𝑏0 
decreases and/or   1  2⁄  increases, core cells open more rapidly; while for base cells, when 
𝑐0/𝑏0  decreases and/or  1  2⁄  decreases, the base cell opens more rapidly. Therefore, a 
critical line exists for the transition from Mechanism I to Mechanism II. The critical line is 
identified and plotted on Fig.4.9 as the black solid line. On this line, CoFb= CoFc, indicating 
simultaneous opening of core cells and base cells. It shows that when  1  2⁄  increases and 
𝑐0/𝑏0 decreases, Mechanism I is more likely to occur, otherwise, Mechanism II is more likely 
to occur. It worth noting that by varying 𝑐0/𝑏0 and  1  2⁄ , the CoF of core cells can change 
a lot while that of base cells only change a little. Two representative cases of  1 and  2 are 




Figure 4.9 FE results on the new auxetic chiral metamaterials: rate of change of CoFs of core 
cells and base cells. 
 
The FE results of the initial Poisson’s ratio was plotted as a function of cell size ratio 
𝑐0/𝑏0 and shear modulus ratio  1  2⁄  in Fig.4.10. It shows that for all  1  2⁄ , when the cell 
size ratio 𝑐0/𝑏0 decreases, the Poisson’s ratio 𝜈 will decrease. For relatively large 𝑐0/𝑏0 
(>~0.42), when  1  2⁄  decreases, the Poisson’s ratio will decrease. However, for relatively 
small 𝑐0/𝑏0 (<~0.42), when  1  2⁄  increases, the Poisson’s ratio will first slightly increase 
and then decrease after reaching a peak. For parameters chosen, the Poisson’s ratio can be tuned 
in a very large range, from ~-0.03 to ~-0.78. 
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Figure 4.10 FE results on the new auxetic chiral metamaterials: Poisson’s ratios for all FE 
models. 
 
The FE results of the initial effective stiffness      in loading direction (y direction) 
nondimensionalized by the Young’s modulus E2 of the materials at the soft corners are also 
plotted as a function of cell size ratio 𝑐0/𝑏0 and shear modulus ratio  1  2⁄  in Fig.4.11. It 
shows that when the cell size ratio 𝑐0/𝑏0 decreases and/or the shear modulus ratio  1  2⁄  






Figure 4.11 FE results on the new auxetic chiral metamaterials: nondimensionalized effective 
stiffness for all FE models. 
4.5  Systematic quantification on cell opening and particle release 
mechanism 
Due to the unique cell opening mechanisms, the new chiral metamaterials can be applied 
for designing sequential particle release mechanisms. As a showcase, particle release 
experiments were designed for Specimens 1 and 3. Cylindrical particles with different sizes 
were printed as VeroWhite material. To better distinguish the particles, the biggest particle was 
dyed in blue and the two smaller particles were dyed in red. The diameters of the particles are 
17.00 mm, 8.00mm and 4.11mm, which were determined with the size of 5% larger than the 
initial size (2b0 or 2c0) of the corresponding cells, so that the particles were able to be held in 












of the core or base cells reaches 5%, the corresponding particles held in those cells will be 
released.  
Fig.4.12 and 4.13 showed the snapshots of particle release, demonstrating the two 
sequential particle release mechanisms: Case 1, (Specimen 1) corresponding to cell opening 
mechanism I, smaller particles are released first, followed by the release of bigger particles; 
and Case 2, (Specimen 3) corresponding to cell opening mechanism II, bigger particles are 
released first, followed by the release of smaller ones. 
 
Figure 4.12 Two sequential particle release mechanisms: case1 demonstrating the mechanism 
of bigger particle release first, followed by the release of smaller particle 






















Figure 4.13 Two sequential particle release mechanisms: case 2 demonstrating the 
mechanism of smaller particle release followed by the release of larger particle. 
 
Fig.4.12 shows that, in step 1, the smaller particle (red) held in the core cell was released 
while the bigger particle (blue) was still held in the base cell, and in step 2, the bigger particle 
was also released. Fig.4.13 shows that, in step 1, the bigger particle (blue) held by the base cell 
was released while the smaller particle (red) was still held in the core cell, and then in step 2, 



















Case 2: Big particles release first (Specimen 3)
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By defining the overall strain for releasing the particles held by the base cell or by the core 
cell as 𝑏
∗  and 𝑐
∗, respectively, 𝑏
∗  (or 𝑐
∗), is the strain corresponding to CoFb (or CoFc) 
equaling to the differences between the particle size and 2b0 (or 2c0). In these two 
demonstrations, 𝑏
∗  (or 𝑐
∗ ) was obtained when CoFb =5% (or CoFc=5%), as shown in 
Fig.4.12 (bottom) and 4.13 (bottom).  
For a systematic quantification, FE results of 𝑏
∗  and 𝑐
∗ of the forty-nine FE models 
were plotted as functions of cell size ratio 𝑐0/𝑏0  and shear modulus ratio   1  2⁄  in Fig.4.14 
and 4.15, by assuming the particles are 5% larger than the corresponding initial cell size. 
Fig.4.14 and 4.15 shows that when  1  2⁄  increases, 𝑏
∗ increases, while 𝑐
∗ decreases, so 
that the smaller particles become more likely to release first, and also the strain difference ( 𝑏
∗ −
𝑐
∗) in releasing the two types of particles increases. As shown in Fig.4.14, for all  1  2⁄  
explored, when 𝑐0/𝑏0 increases, 𝑐
∗ will always increase. For 𝑏
∗  (Fig.4.15), when  1  2⁄  
is relatively large (larger than ~40), when 𝑐0/𝑏0 increases, 𝑏
∗ will always increase; however, 
when  1  2⁄  is relatively small (smaller than ~40), when 𝑐0/𝑏0 increases, 𝑏
∗ will slightly 
decrease and then increase. A line with 𝑏
∗ = 𝑐
∗ was identified on Fig.4.14 and 4.15 as a black 
solid line, indicating the simultaneous release of both types of particles. This critical line also 
separate the design space into two regions: region 1, to the left of the line (i.e. cases with 
relatively large 𝑐0 𝑏0⁄  and relatively small  1  2⁄ ), in which larger particles (held by the base 
cells) will be released first; and region 2, to the right of the line (i.e. cases with relatively small 





Figure 4.14 The overall strain 𝑐
∗ for releasing the smaller particles as a function of 𝑐0 𝑏0⁄ , 
and  1  2⁄ . 
 
Figure 4.15 The overall strain 𝑏
∗ for releasing the bigger particles as a function of 𝑐0 𝑏0⁄ , 
and  1  2⁄ . 
Region 2: small  big
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4.6  Systematic quantification on color changing 
Inspired by the colour changing mechanism of chromatophores in the Octopus skin, the 
unique cell-opening mechanism together with the auxetic effects can be used for designing 
material with color change capability to respond to external loads or stimuli. The color change 
is determined by the change in the volume fraction of the core cells and the base cells during 
deformation. A MATLAB code was developed to predict colors for different situations.  
During the deformation, the opening of the core cell and base cell can be seen as the 
relocation of the pixel in the chromatophores cell. Different from the chromatophores cell in 
the animal, the core and/or base cell itself will also relocated during deformation. The color 
changing mechanism of this structure can be seen as a hierarchical pixel relocation. The color 
is related to the volume fraction between the core cell and base cell 𝑉𝑐 𝑉𝑏⁄ . Due to the different 
opening rate, the volume fraction will change during deformation, therefore, the overall color 
will change. 
The initial volume fraction 𝑉𝑏0 𝑉⁄  and  𝑉𝑐0 𝑉0⁄  of the base cells and the core cells were 
calculated and plotted as a function of 𝑐0 𝑏0⁄  in Fig.4.16. It shows that with the increasing of 
the cell size ratio 𝑐0 𝑏0⁄ , 𝑉𝑏0 𝑉0⁄  decreases from 1 to 0.5 and 𝑉𝑐0 𝑉0⁄  increases from 0 to 0.5. 
As an example, blue pixels are in core cells, and yellow pixels are in base cells, the prediction 
in Fig.4.16 shows that when 𝑐0 𝑏0⁄  increases, 𝑉𝑏0 𝑉0⁄  will decrease and 𝑉𝑐0 𝑉0⁄  increase, 




Figure 4.16 Initial volume fraction between core/base cells and the overall volume and the 
corresponding overall color in undeformed configuration. 
 
To further investigate the color changing during the deformation, one case (𝑐0 𝑏0⁄ = 0.7 , 
 1  2⁄ = 1) was chosen as examples for FE simulations. The volume fraction between the core 
cell and the base cell vs. the overall strain is output from FE results and plotted in Fig.4.17. It 
shows that the volume fraction 𝑉𝑐 𝑉𝑏⁄  decreases during deformation, which indicates that the 
overall color will become more yellow. The initial value 𝑉𝑐 𝑉𝑏⁄  is ~0.53. Therefore, the overall 
color changes from darker green to yellow. In real application, more color can be used, such as 
yellow and brown which is found to be the basic color in the chromophore cell. Moreover, 
different color (for example, the three basic colors red, yellow and blue) can be assigned to 





Figure 4.17 Volume fraction between the core and base cells during deformation and the 
corresponding color change. 
4.7  Comparison between the re-entrant cores and chiral cores 
Due to the two different deformation mechanisms of the chiral core cell and re-entrant core 
cell, although both the current designs have sequential cell opening mechanisms, the cell 
opening behaviours of them are quite different. The ranges of the overall cell-opening strains 
of the two designs are directly compared in Fig.4.18. Those strains include the overall strain 
for base cell opening, 𝑏
∗ , the overall strain for core cell opening, 𝑐
∗ , and the difference 
between them 𝑐
∗ − 𝑏
∗. The sign of 𝑐
∗ − 𝑏
∗ represents the order of the cell opening: if 𝑐
∗ −
𝑏
∗> 0, base cells open first, followed by the core cells; if 𝑐
∗ − 𝑏
∗< 0, core cells open first, 













followed by the base cells, and if 𝑐
∗ − 𝑏
∗ = 0, both the core cells and base cells open 
simultaneously.  
 
Figure 4.18 Direct comparison between the designs with chiral core cells and the current 




∗ for both designs 
 
Since both designs have chiral base cells, for base cell opening, the ranges of the overall 
strain 𝑏
∗ of the two designs are similar and are both relatively small, as shown in Fig.4.18: 
𝑏
∗ of the design with chiral core cells can be tailored from 2.72% to 4.82%, while 𝑏
∗ of the 
design with re-entrant core cells can be tuned from 2.94% to 3.86%. However, for the core cell 
opening, the ranges of the overall strain 𝑐
∗ of the two designs are very different: 𝑐
∗ of the 
design with chiral core cells can be tuned from 1.22% to 9.07%, while 𝑐
∗ of the design with 



















for the sequential cell opening, the working strain for the design with chiral core cells is within 
10%; while the working strain for the current design with re-entrant core cells can reach ~50%. 
Also, the range of 𝑐
∗ − 𝑏
∗ of the two designs are quite different. For the design with chiral 
core cells, 𝑐
∗ − 𝑏
∗ can be tuned from~-2.10% to 5.98%, indicating that based on different 
design needs, by tailoring the geometry, the order of cell opening can be flipped. While for the 
design with re-entrant core cells, 𝑐
∗ − 𝑏
∗ can be tuned from 0.68% to 49.45%, which is a 
much larger range on the positive side. Thus, compared with the design with chiral core cells, 
for the current design, the base cells always open first, and the core cell can open under a much 
larger overall strain.   
In addition, for the design with chiral core cells, softer hinges are needed to achieve the 
desired sequential cell opening mechanism. While, for the current design with re-entrant core 
cells, the softer hinges are not needed, the current design can be printed as single material 
(details of the alternative single-material design are provided in the appendix 3.A). 
4.8  Conclusions 
In summary, based on the concept of chirality-induced rotation, new hybrid auxetic 
metamaterials were designed by introducing chiral core cell to the centre of a basic chiral cell. 
The new designs were proved to have unique sequential cell-opening mechanisms from 
mechanical experiments on 3D printed prototypes and systematic FE simulations, Two non-
dimensional parameters: the cell size ratio 𝑐0 𝑏0⁄ , and stiffness ratio,  1  2⁄ , are identified to 
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be the most important parameters to govern the effective stiffness, the Poisson’s ratio and the 
cell-opening mechanisms of this type of mechanical metamaterials.  
Experimental and FE simulation results showed that by tailoring 𝑐0 𝑏0⁄  and  1  2⁄ , two 
unique cell-opening mechanisms can be achieved: mechanism I, core cells open earlier and 
faster than base cells, mechanism II, base cells open earlier and faster than core cells. To 
quantify the cell-opening mechanism, a cell-opening factor (CoF) was defined and measured 
in both experiments and FE simulations. From the results of systematic FE simulations, regions 
for the two cell-opening mechanisms were identified in the design space. The critical line for 
transition from mechanism I to II is also identified. As one example of the potential application 
of the sequential cell-opening mechanisms, two sequential particle release mechanisms were 
also systematically explored.  
The new designs have potential wide applications in designing smart mechanical 
metamaterials which can be responsive to external load and/or environmental conditions such 
as light, temperature and humidity. The design concepts can be used to develop new material 
systems, sensors and/or actuators with broad engineering applications such as particle release, 




Chapter 5 Experiments under Bi-axial Compression 
5.1  Introduction 
Research in mechanical metamaterials is experiencing a rapid growth since the last decade. 
Many new mechanical metamaterials appear with new mechanical properties which were not 
discovered before [37, 62-68]. However, in terms of mechanical characterization, most of the 
research only focuses on mechanical properties and behaviors under uniaxial loading. For 
example, for some new mechanical metamaterials, negative Poisson’s ratio [70-76] and 
negative stiffness [95-97] was measured under uniaxial tension and/or compression loads. No 
doubt, uniaxial mechanical experiment is the important first step to quantify the mechanical 
properties of any materials, but to further understand the mechanical behaviors and quantify 
the overall mechanical properties, more advanced multi-axial experiments are necessary.  
In the literature, biaxial tension experiments were used to explore the mechanical behavior 
of polymeric materials such as rubber vulcanizates, reinforced thermoplastic composites, and 
elastomeric sheets [98-103]. Also, biaxial compression equipment was developed with similar 
mechanism [104, 105] as described below. Papka and Kyriakides (1998) [104] designed a 
biaxial compression machine to study the crushing behavior of a polycarbonate honeycomb 
with circular cells under biaxial compression. The loading frame of the machine include four 
rigid blocks surrounding the specimen. The loading frames were driven by two independent 
actuators from two orthogonal directions to create a bi-axial compression loading condition. 
Late on, Shimizu and Tada (2010) [105] used a similar machine to study the plastic deformation 
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of AZ31 alloy’s under bi-axial compression. These experimental set-ups can provide an 
arbitrary strain path through controlling the two independent actuators.  
However, these existing bi-axial compression facilities are relatively expensive and not 
always accessible. Kossa (2015) [106] designed a fixture which can provide a biaxial 
compression loading through a uniaxial material testing machine. This fixture was used to 
study the mechanical behavior of polymeric foams under bi-axial compression. But, the fixture 
can only provide equal biaxial compression loading.  
Also, due to the low density and light weight, the structural stability of cellular solids is 
always an important topic to explore for this category of material. Many of previous works 
treated the instability of cellular solids as a material failure mode which needs to be avoided 
[107-110]. Recently, instability of cellular solids was used more positively to trigger interesting 
pattern transformation and therefore to help discover new switchable properties of mechanical 
metamaterials under certain conditions. The macroscopic [10, 36] and microscopic patterns 
[111] triggered by instability can be used to engineer material properties such as surface 
roughness [111], chirality [30, 112, 113], wave propagation [45, 52, 114-118], and optical 
properties [119-122]. Again, many of the research in pattern transformation focused on uniaxial 
loading. To advance the field, pattern transformation under multi-axial loading need to be 
explored more extensively.   
In this chapter, a novel custom biaxial compression apparatus will be designed. This 
apparatus can provide bi-axial compression loading with desired bi-axial displacement ratios 
through a uniaxial material testing machine. Then, the apparatus is used to quantify the 
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mechanical behavior of 3D printed auxetic chiral specimens under different bi-axial 
displacement ratios. Finally, the apparatus is also used to discover a new rotation-induced chiral 
pattern transformation of square lattices triggered by mechanical instability.  
5.2  Design and fabrication of a new bi-axial compression apparatus 
Design concept of new bi-axial compression apparatus. The schematics of the concept of 
the bi-axial compression apparatus are shown in Fig.5.1. In Fig.5.1, the red solid lines represent 
the re-entrant surface of the top fixture and the black solid lines represent the re-entrant surface 
of the bottom fixture. The dot-dash line represents the axis of the applied uniaxial displacement 
through the actuator. Two coordinates are used: x-y is the Newtonian frame fixed on the earth; 
and 1-2 are the coordinates along the two edges of the re-entrant surface. Thus, when the top 
fixture is moved down with an applied uniaxial displacement 𝛿  in the negative y direction, 
biaxial displacements (𝛿1 and 𝛿2) will be generated in 1 and 2 directions, respectively. 
 





Therefore, the cubic specimen constrained by the two re-entrant surfaces is subjected to 
in-plane bi-axial compression. If we assume the mounting angle (the angle between the x 
direction and the ‘1’ direction of the two coordinate systems) of the top and bottom fixture as 
θ, the bi-axial displacements 𝛿1 and 𝛿2, are related to θ 𝛿  as: 
 𝛿1 = 𝛿 𝑠𝑖𝑛𝜃 , (5.1) 
 𝛿2 = 𝛿 𝑐𝑜𝑠𝜃 . (5.2) 
Thus, the controlled bi-axial displacement ratio 𝛼, defined as 𝛼 =
𝛿1
𝛿2
, is only determined 
by the mounting angle θ: 
 𝛼 = 𝑡𝑎𝑛𝜃 , (5.3) 
where, 0 ≤ 𝜃 ≤ 45𝑜. 
When 𝜃 = 45°, 𝛼 = 1, which is the case of equal biaxial compression; if 𝜃 = 0° o  90𝑜, 
𝛿2 = 𝛿 , which is the case of uni-axial plain strain compression; when 0 < 𝜃 < 45
𝑜, 𝛼 < 1, 
and 45𝑜 < 𝜃 < 90𝑜 , 𝛼 > 1 . Fig.5.2 schematically shows the loading process for three 




Figure 5.2 The schematics of three cases to illustrate how to vary α by varying 𝜃  
(a) 𝜃 = 45° and 𝛼 = 1 (b) 𝜃 = 15° and 𝛼 = 3.73 and (c) 𝜃 = 0°, 𝛼 = 0  
 
Detailed designs of the new bi-axial compression apparatus. To implement the concept, two 
rows of holes are added on the plates of both the top fixture and the bottom fixture, as shown 






holes. The centers of the holes are located on two concentric circles, which have the same 
center as the cubic specimen, as shown in Fig.5.3. Thus, the mounting angle 𝜃 can be adjusted 
by rotating the fixtures. Then the fixtures can be fixed through the holes along the vertical 
direction. Thus, the displacement ratio can be adjusted accordingly.    
 
Figure 5.3 The schematics of the detailed designs (the blue circles according to 𝜃 = 45𝑜). 
 
Quantitatively, if we define the rotation angle of both the top and bottom fixture about the 
center of the specimen as 𝛽, 𝛽 is positive when the fixtures rotate clockwise and negative 
when they rotate counter-clockwise, and when 𝜃 = 45𝑜 , 𝛽 = 0𝑜, the relation between rotation 
angle 𝛽 and the mounting angle 𝜃 is: 
 𝜃 = 45° − 𝛽 . (5.4) 
Also, the size of the specimen a, as shown in Fig.5.3, is related to the positions of the 





 𝑎 = 2(𝑟1 −  1)𝑠𝑖𝑛45° = 2(𝑟2 −  2)𝑠𝑖𝑛45°  , (5.5) 
where, as shown in Fig.5.3, 𝑟1 and 𝑟2 are the radii of the inner and outer rows of holes, 
respectively;  1 and  2 are the closest distances between the vertex of the re-entrant surface 
to the inner and outer row of holes on the same fixture, respectively. 
According to Eq.(5.5), the size of specimen can be determined. Or if the size of the 
specimen is known, the positions of two rows of holes (𝑟1, 𝑟2,  1 and  2) can be determined.  
3D design and fabrication via 3D printing. Based on the theory developed above, the 
prototype was designed in SolidWorks, as shown in Figs.5.4-5.7. It shows that to avoid the 
potential contact between the top re-entrant surface and the bottom one during the movement 
of the top fixture, the plates on the top fixture and the bottom fixture are assembled parallel to 
each other in an interdigitated manner. The number of plates and the distance between the 
places on each fixture can change and will be determined by the thickness of the specimen. 
 




Figure 5.5 The design model of the bottom fixture (from different views). 
 




Figure 5.7 The entire prototype, assembled with 𝛿1: 𝛿2 = 1: 2. (from different views) 
 
The prototype of the apparatus for bi-axial compression was fabricated via additive 
manufacturing, using a multi-material 3D-printer (Objet Connex260). The material of the 
prototype is the VeroWhite in the 3D printer. The final product is expected to be made of metals. 
The whole apparatus is composed of two main parts: the top and the bottom fixtures. The 
top fixture is composed of two plates and a cylindrical connector. The three parts are assembled 




Figure 5.8 The 3D-printed prototype of the top fixture 
 
The positions of the holes on the plates were designed by controlling the ratio of the bi-
axial compressive displacement to be a constant. If the fixture is mounted on a material testing 
machine through the middle pair of holes, the ratio of bi-axial compressive displacement (𝛼 =
𝛿1
𝛿2
, refer to the definition in supporting material 1) is 1:1, then the next pairs will be 2:1, 4:1 
clockwise, and 1:2, 1:4 and 1:∞ counter-clockwise. For each pair of holes, channels represent 
as slots are grooved on the plats to help precisely poison the plats. With the channels, the ratio 
of compressive displacement can be very accurate as the one desired. 
Similarly, the bottom fixture is composed of three plates and a cylindrical connector. The 
four parts are also assembled through two pairs of bolts and nuts. The assembled top fixture is 














Figure 5.9 The 3D-printed prototype of the bottom fixture 
 
The top and bottom fixtures are connected to the cross-head and the base of the material 
testing machine (Zwick/Roell) through pins. The entire setup of the apparatus is shown in 














Figure 5.10 The setup of the apparatus of (a) 𝛿1: 𝛿2 = 1: 1 and (b) 𝛿1: 𝛿2 = 1: 2 
5.3  Bi-axial compression experiment on auxetic chiral specimens 
To explore the mechanical behavior of the 2D auxetic chiral cellular solids under bi-axial 







fabricated in Section 5.2 will be used on a 3D printed auxetic chiral specimen. The chiral 
specimen is a single material (DM9760) prototype with (𝛼 = 90°, 𝛽 = 90°). The overall 
dimension of the specimen is 50mm x 50mm x 20mm. Three displacement ratios are chosen 
which are 𝛿1: 𝛿2 = 1: 2, 1: 1, 𝑎𝑛  2: 1.  
FE simulations are also preformed to compare with the experimental results. Two analytical 
rigid surfaces are defined to represent the top and bottom loading frames in the custom bi-axial 
apparatus. 2D plane stress (CPS4) elements are used to model the specimen. Hard contact was 
defined between the boundaries of the specimen and the loading frames. Self-contact within 
the specimen was also defined to capture the contact between the ribs of the specimen when 
densification starts. The friction coefficient was chosen to vary in the range of 0-1, an optimal 
value of 0.1 is chosen to best fit the experimental load-displacement curve. The material of the 
specimen is modeled as incompressible hyperelastic Mooney-Rivlin model. The strain energy 
density function 𝑊of the Mooney-Rivlin model is 𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3), where 𝐼1 
and 𝐼2 are the first and second invariants of Cauchy-Green deformation tensor. The material 
parameters were obtained from the standard experiments of both uniaxial tension and 
compression. For DM9760, 𝐶01 = 0.4  Pa, 𝐶10 = 0 Pa, (in the true strain range of ~-0.8 
to 0.4). 
From the experiments, the undeformed and deformed configurations of the specimen under 
the three bi-axial displacement ratios are shown in Fig.5.11a, 5.11b and 5.11c, respectively. 
The displacement-force curve for both the experiments and FE simulations are also shown in 
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Fig.5.11. For all three ratios, the chiral specimen behaves linearly initially and then 
densification occurs after self-contact. The FE and experimental results are consistent.  
 
Figure 5.11 The undeformed and deformed configurations and load-displacement curves of 
bi-axial compression of chiral mechanical metamaterials with the displacement ratio of (a) 
𝛿1: 𝛿2 = 1: 2, (b) 𝛿1: 𝛿2 = 1: 1, and (c) 𝛿1: 𝛿2 = 2: 1 
 
According to the kinematics, the applied force along the overall loading direction 𝐹  is 
related to the bi-axial forces F1 and F2 (which are forces applied on the specimens through the 
loading frames in the local coordinate system) as: 
 𝐹 = 𝐹1𝑠𝑖𝑛𝜃 + 𝐹2𝑐𝑜𝑠𝜃 , (5.6) 
𝛿1: 𝛿2 = 1: 2
1  3  
1  3  
1  3  
𝛿1: 𝛿2 = 1: 1
𝛿1: 𝛿2 = 2: 1
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where θ is the mounting angle, as shown in Fig.5.1 (for equi-biaxial case, 𝜃 = 45o; and the bi-
axial displacement ratio is determined by θ, as shown in Eq.5.3). 
The biaxial displacement ratio is defined as 𝛼 = 𝛿1 𝛿2⁄ . Since the specimen has the same 
dimensions in both directions, the biaxial displacement ratio can also be represented as the 
engineering strain ratio 𝛼 = 1 2⁄ . According to the constitutive relation of an orthotropic 








  . (5.8) 
where  1  and  2  are stresses in both directions. According to Eqs.(5.6)-(5.8), the ratio 







  . (5.9) 








  , (5.10) 
where a is the edge length of the specimen. Eq.(5.10) indicates that the bi-axial force ratio is 
related to the orthotropic effective mechanical properties of the specimen,  1,  2, 𝜈12 and 
𝜈21. According to Eqs.(5.6) and (5.10), if the effective mechanical properties of the specimen 
are known, the force in the local coordinate 𝐹1  and 𝐹2  can be obtained from the overall 
applied force 𝐹  which can be measured from the uni-axial material testing machine. 
To validate Eq.(5.10), a 2D plane stress FE model with isotropic elastic material model 
was developed. The bi-axial loading frame with the mounting angle 𝜃 = 15° was modeled as 
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an analytical rigid surface as shown in Fig.5.12a. Hard contact was defined between the rigid 
surface and the FE model of the specimen with zero friction. 𝐹1 an   𝐹2 were output from the 
FE simulation, then the ratio of 𝐹1/𝐹2 was calculated based on Eq.(5.10). The ratio of 𝐹1/𝐹2 
was also output from the FE simulation. The prediction is compared with the FE results in 
Fig.5.12b. It shows that the ratio of 𝐹1/𝐹2 decreases during deformation. The FE simulation 
results and the analytical predictions are consistent. 
 
Figure 5.12 Validation of the ratio of 𝐹1/𝐹2: (a) schematics of FE simulation and (b) The 
curve of the ratio of 𝐹1/𝐹2 vs. 𝛿  
 
Then, for the chiral solids as shown in Fig.5.11, to validate Eqs.(5.6) and (5.10), 𝐹 , 
𝐹1 an   𝐹2  are output from the FE simulations. Then, 𝐹  is decomposed into 𝐹1 an   𝐹2 
according to the Eqs.(5.6) and (5.10). The 𝐹1 an   𝐹2 output directly form FE simulations and 
decomposed from 𝐹  analytically are compared in Fig.5.13. It shows that for all three cases, 
























the analytical predictions are consistent with the FE simulation results in some deformation. 
However, there are some differences after larger deformation. These differences are due to the 
fraction between the specimen and the apparatus and the insufficient prediction of the 
constitutive relation of the chiral materials.  
 
Figure 5.13 Force-displacement curves with displacement ratio of (a) 𝛿1: 𝛿2 = 1: 2, (b) 
𝛿1: 𝛿2 = 1: 1, and (c) 𝛿1: 𝛿2 = 2: 1 (solid lines represent the FE simulation results and dash 
lines represent the analytical prediction). 
Limitation for auxetic materials. It worth noticing that for auxetic materials, under biaxial 
compression, to ensure full contact between the specimen and the biaxial loading frame, there 
is a limitation of the displacement ratio which is determined by the effective Poisson’s ratio of 
the specimens. The displacement ratio should satisfy the following conditions to enable full 














For the case of 𝜈12 = 𝜈21 , the displacement ratios 𝛿1/𝛿2  which satisfies the above 
conditions are shown in Fig.5.14 as the shaded area. For the values outside the shaded area, 
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due to the strong auxetic effect of the specimen, there will be detaching between the specimen 
and the loading frame, as shown in Fig.5.14 (left). 
 
Figure 5.14 The limitation of the bi-axial displacement ratio for auxetic materials when using 
this bi-axial apparatus. 
5.4  Study on rotation-induced pattern transformation under bi-axial 
compression 
Specimen design. The bi-axial compression apparatus can be used to study the formation of a 
chiral pattern induced by cell rotation after the instability triggered by bi-axial compression. 
As shown in Figs.5.15a and 5.15b, two types of 2D square lattices were designed: one is made 
of single material (Design 1 in Fig.5.15a); and the other is with stiffer material occupying half 
of the wall thickness of every other square cell (Design 2 in Fig.5.15b), forming a pattern of 
𝜈12 = 𝜈21



























alternating stiffer square rings connected by softer square mesh. Both designs have the same 
rib-length 𝐿 and wall thickness 𝑡 (Figs.5.15a and 5.15b). The Young’s modulus of the soft 
phase is  𝑠 and that of the hard phase is  ℎ. The stiffness ratio of the two phase is defined as 







Figure 5.15 (a) The schematics of basic square lattices and deformation pattern; (b) The 
schematics of new square lattices with hard rings and deformation pattern. (c) Experimental 
images of two specimens of basic square lattices (left) and new square lattices with hard rings 
(right); (d) load-displacement curves of basic square lattices (left); load-displacement curves 
and area ratio vs. displacement curves of new square lattices with hard rings (right). 
 
Both designs were then fabricated via a multi-material 3D printer (Objet Connex 260). 


























































the soft phase was printed as TangoBlack+ (shear modulus ~0.26 MPa) and the hard phase was 
printed as VeroWhite (Young’s modulus ~2GPa, Poisson’s ratio ~0.35, shear modulus 
~740.74MPa). The overall dimensions of both specimens are 50mm, 50mm, and 20mm along 
x, y and z directions, respectively. The total in-plane (x-y plane) thickness t of the walls is 1mm. 
The rib length L is 6.25mm. Thus, there are 8 by 8 square cells in both specimens. For specimen 
2, the thickness of the hard square is 𝑡/2.  
Bi-axial compression experiments. To explore the mechanical behaviour of the two 
specimens under bi-axial compression loads, the custom bi-axial compression apparatus was 
mounted on a Zwick material testing machine. 
Mechanical experiments on the 3D printed specimens were performed under quasi-static 
(with overall strain rate 10-3 per second) biaxial compressive loading. To allow full curing, all 
specimens were tested 24 hours after printing under room temperature. A high-resolution 
camera was used to record the deformed configurations of the specimens at each time instant 
during the experiments. Image processing was performed to output data from the images taken.  
FE simulations. FE simulations of the biaxial compression experiments on the two specimens 
were performed in ABAQUS/STANDARD V6.13. Four-node 2D plane stress elements (CPS4) 
were used and the accuracy was verified by mesh refinement study.  
Since the hard-square cells in specimens barely deform, linear elastic isotropic material 
model with Young’s modulus E=2GPa, the Poisson’s ratio v=0.35, was used. For rubbery 
DM9760 and TangoBlack+, incompressible hyperelastic Mooney-Rivlin model was used. The 
strain energy density function 𝑊 of the Mooney-Rivlin model is 𝑊 = 𝐶10(𝐼1 − 3) +
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𝐶01(𝐼2 − 3) , where 𝐼1  and 𝐼2  are the first and second invariants of Cauthy-Green 
deformation tensor. The material parameters were obtained from the standard experiments of 
both uni-axial tension and compression [22]. For DM9760, 𝐶01 = 0.4  Pa, 𝐶10 = 0 Pa, (in 
the true strain range of ~-0.8 to 0.4). For TangoBlack+, taking the consider of the interphase at 
the boundary of two different materials due to the material jetting process of the 3D printer 
𝐶01 = 0.120  Pa, 𝐶10 = 0.3792 Pa, (in the true strain range of ~-0.8 to 0.4) [22].  
Two rigid surfaces with right-angles were modelled to represent the biaxial compression 
apparatus and contacts were defined between the specimen and the rigid surfaces. The bottom 
surface was fixed, and prescribed displacement were added on the top surface to represent the 
biaxial compression process of the experiments. For the one uniaxial compression case, two 
rigid flat surfaces were modelled to represent the compression disks. Contacts were defined 
between the rigid surfaces and the FE model. The bottom surface was fixed, and prescribed 
displacement was added at the top surface to represent the uniaxial compression process of the 
experiments.     
Results. Under bi-axial compression, both two designs will lose stability and different 
instability patterns will be generated. For the cases of equi-biaxial compression, the instability 
patterns and the load-displacement curves of the two specimens are shown in Fig.5.15c and 
5.15d, respectively.  
Fig.5.15c shows that for the single material specimen, an achiral wavy pattern is formed 
with ribs in each cell forming a half sinusoidal wave. Fig.5.15d shows that for the two-phase 
specimen, when instability occurs, each hard-square cell rotates, and each soft square cell 
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shears into a diamond shape. The neighbouring hard cells rotate in different directions. 
Eventually, all hard-square cells squeeze together and the soft cells fully close. The peaks on 
the load-displacement curves of both specimens represent the onset of instability. After 
reaching the peak, a plateau forms in the post-instability range.  
For specimen 2, the volume fraction  ℎ of the hard-square cells was plotted as a function 
of the overall compression.  ℎ is defined as  ℎ =  ℎ ( ℎ +  𝑠)⁄ , where,  ℎ and  𝑠 are the 
volumes of the hard cells and soft cells, respectively. After instability,  ℎ changes rapidly 
from 0.5 to 1, indicating the closing of the soft cells.  
Mechanics of pattern transformation. To further understand the mechanics of the pattern 
transformation from achiral (single material design) to chiral (two-phase design) ones, two 
dimensional finite element (FE) model of Design 2 was set up, in which the rib length and the 
shear modulus of the soft phase are kept the same (𝐿 =  .25 mm,  𝑠 = 0.26 MPa). The shear 
modulus of the hard phase was varied from 0.26 MPa to 1040 MPa with n varies as 1, 2, 4, 6, 
10, 15, 20, 40, 100, 400, 1000, and 4000. When n=1, Design 2 degenerates into Design 1. The 
wall thickness t varies as 0.5, 1, and 2 mm, thus 𝐿/𝑡  changes as 12.5, 6.25, and 3.125, 
respectively. The wall thickness of the hard phase is kept as 𝑡/2. Therefore, for this parametric 
study, total 36 FE simulations were performed by systematically varying the geometric and 
material parameters.  
In this parametric study, we focus on exploring the influences of the stiffness ratio n and 
the length respect ratio 𝐿/𝑡 of the cell wall on the critical strain to instability and strain energy 
distribution in two phases. To exclude the boundary effects and get the intrinsic mechanical 
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properties of the material, periodic boundary conditions were used in all FE simulations. Equal 
biaxial compression loads were applied at the boundaries.  
The FE results of the buckling modes of four cases (𝑛 =1, 6, 40 and 4000, 𝐿/𝑡 =12.5) are 
shown in Fig.5.16a. It can be seen that when 𝑛 = 1, the instability mode is the achiral pattern 
(Mode I) observed in the experiment on specimen 1; and when n goes to infinity (n=4000), the 
instability mode is the rotating square type of pattern (Mode 2) observed in the experiment on 







Figure 5.16 FE simulation results for parametric study: (a) buckling mode from mode I to 
mode II; (b) critical strain 𝑐𝑟/(𝑡/𝐿)
2 vs. stiffness ratio curve; (c) strain energy of soft and 
hard material over total strain energy vs. stiffness ratio curve; (d) strain energy of soft 
material vs. stiffness ratio curve; (e) strain energy of hard material vs. stiffness ratio curve. 
(line represent theoretical prediction and symbols represent FE simulation results) 
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Also, the nondimensionalized critical strain along y direction is plotted as a function of 
stiffness ratio n in Fig.5.16b. Roughly speaking, when 𝑛 < 15, although the pattern is a 
combination of both modes, Mode I is dominant; when 𝑛 > 15, Mode II is dominant. For the 
non-dimensionalized critical strain, both the FE results (square marks for 𝐿/𝑡 = 12.5; circle 
marks for 𝐿/𝑡 =  .25; triangle marks for 𝐿/𝑡 = 3.125) and the theoretical predication (solid 
line) are plotted in Fig.5.16b. The theoretical predication of the critical strain is derived from 
























where K is the column effective length factor depending on n. When the beam has the pin-pin 
boundary condition, 𝐾 = 1, which is the case for 𝑛 = 1. When n increases, more constraints 
were introduced to the ends of the beam, therefore 𝐾 decreases.  




) = 𝐶(𝑛 − 1), (5.13) 
where, 𝐾𝐼 an  𝐾𝐼𝐼 are the 𝐾 values of the mode I and model II instability mode, respectively. 
𝐾𝐼 = 1 in this study and 𝐾𝐼𝐼 is obtained through FE simulations. 𝐶 is a coefficient to best fit 
the numerical results. 𝐶 = −0.01  in this study. 
Eq.(5.12) shows that the critical strain is proportional to the square of (𝑡/𝐿)2. Thus, the 
critical strain can be nondimensionalized as 𝑐𝑟/(𝑡/𝐿)
2, which theoretically, is only a function 
of n as shown in Fig.5.16b. It shows that the nondimensionalized critical strain decreases when 
the stiffness ratio n increases. For mode I, the value of 𝑐𝑟/(𝑡/𝐿)
2  is ~0.8 and decreases 




2 only decreases slightly and becomes asymptotic to ~0.32. In the range for Mode I, 
the numerical results of the non-dimensionalized critical strain depends on 𝐿/𝑡 , although 
theoretically it should be independent on 𝐿/𝑡. This discrepancy is because that the Euler 
Bernoulli beam theory only holds for large 𝐿/𝑡s. For relative small 𝐿/𝑡s, the theory is not 
accurate any more. 
To quantify the energy distribution in the soft and hard phases in the post-instability range, 
the numerical results of the strain energy in the soft and hard phases are output at the same 
overall displacement (3mm) after the instability. For the two different modes, the strain 
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) 𝑠 (5.15) 
  𝑠
𝐼𝐼 =
 4𝐶 𝑡3(1 + 𝑛) 𝑠
 𝐿2 − 3𝑡𝐿 + 3𝑡𝐿𝑛
∆  (5.16) 
  ℎ
𝐼𝐼 = 0 (5.17) 
where ∆  is the relative displacement after instability, d is the displacement in y direction. 
Eqs.(5.14) - (5.17) show that the strain energy in each phase for each mode is proportional to 
 𝑡3∆ . Thus, the strain energy U can be nondimensionalized as  / 𝑡3∆ .  
The FE results (square marks for 𝐿/𝑡 = 12.5; circle marks for 𝐿/𝑡 =  .25; triangle 
marks for 𝐿/𝑡 = 3.125) and the theoretical predications (red solid line for mode I and blue 
solid line for mode II) of the non-dimensionalized strain energy in the soft phase and the hard 
phase are compared in Fig.5.16d and 5.16e, respectively. It can be seen that for the strain energy 
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in soft phase, it increases slightly when n increases in the Mode I dominant area (yellow area 
in Fig.5.16d and 5.16e) and starts to increase dramatically in the Mode II dominant transition 
area (left side of the blue dash line in the blue area in Fig.5.16d and 5.16e). It tends to be a 
constant value in pure Mode II area (right side of the blue dash line in the blue area in Fig.5.16d 
and 5.16e).  
In Mode I dominant part, the theoretical prediction is based on the Euler beam theory 
(Eqs.5.14 and 5.15). For Mode II dominant part, the theoretical prediction is based on the 
rotational spring rigid rod model (Eqs.5.16 and 5.17). For the strain energy in the hard phase, 
in the Mode I dominant area, it increases when n increases; after n increases into the Model II 
dominant area, the rate of increase reduces, and it starts to decease in pure Mode II area and 
goes to zero for very large value of n, which representing the ideal Mode II. The theoretical 
prediction based on the Euler beam theory match with the FE results very well in the Mode I 
dominant area. The theoretical prediction of the strain energy in the hard phase based on the 
rotational spring rigid rod model give a zero value, since in that model, the hard phase only has 
rigid body rotation. 
To further compare the strain energy distribution in soft and hard material, the strain 
energy in soft and hard material over the total strain energy  𝑠/  𝑜 𝑎𝑙 and  ℎ/  𝑜 𝑎𝑙, where 
  𝑜 𝑎𝑙 =  𝑠 +  ℎ, are outputted in Fig.5.16c (solid marks for soft material and hollow marks 
for hard material; square marks for 𝐿/𝑡 = 12.5; circle marks for 𝐿/𝑡 =  .25; triangle marks 
for 𝐿/𝑡 = 3.125).  
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It shows that for all cases, the value of the energy ratio is ~0.5 for both soft and hard 
material in Mode I dominant area. After n increases into Mode II dominant area, the energy 
ratio of soft material (solid marks) starts to increase and that of hard material (hollow marks) 
starts to decrease significantly, presenting a bifurcation in the area of transition from Mode I 
to Mode II. This bifurcation indicates that for Mode I pattern, the energy distribution is almost 
the same in the soft and the hard material since bending occurs in both hard and soft phases. 
When transits to Mode II, the energy will distribute more into the soft phase. This is because 
the bending in the ribs reduces while rotation of the cell increases, and then the rotation-induced 
strain starts to localize in the soft phase.   
Bi-axial compression under different bi-axial displacement ratios. The custom bi-axial 
apparatus can achieve different displacement ratios by rotating the loading frames and 
mounting them on corresponding channels. By using the custom bi-axial compression 
apparatus, mechanical experiments under different displacement ratios were performed on 
specimen 2. The displacement ratio is defined as  1/ 2 , where  1  and  2  are the 
displacement along local directions 1 and 2, respectively. In the experiments, three loading 
cases were explored: bi-axial compression with  1/ 2=1 and 2, and uni-axil compression. For 
each experiment, FE simulations were performed, in which, the load frame of the bi-axil 
apparatus was represented by an analytical rigid surface with a right angle, hard contact was 
defined between the surface the boundaries of the specimen. The experimental and FE results 




Figure 5.17 Experimental and FE results of snap-shots of the deformed configuration at 
different overall strains (left) and the curves of load-displacement; angle of soft cells 𝜑 vs. 
displacement 𝛿  of three displacement ratio: (a)  1/ 2 = 1: 1, (b)  1/ 2 = 1: 2, (c) 
uniaxial compression. 
 
Fig.5.17 shows that for both bi-axial cases of  1/ 2 = 1: 1 and 1:2, the square cells with 
hard phase eventually all squeeze together form a compact pattern. While for the case of 
uniaxial compression, local failure occurs upon instability and the collapsed hard square cells 
form a shear band. There are some differences between these three cases. For the case of 
 1/ 2 = 1: 1, the hard-square cells maintain the prefect square during rotation. While for the 
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case of  1/ 2 = 1: 2  and uniaxial compression case, the hard-square cells deform into 
rectangular cells.  
The displacement-force curves of the three cases are plotted in Fig.5.17a, 5.17b and 5.17c, 
right. It shows that for all three cases, the curves are linear before the peak load. When 
instability occurs, the load reaches the peak and after instability, the force drops gradually. The 
equi-biaxial case has the smallest displacement in y direction before instability, and the uniaxial 
case has the largest displacement in y direction before instability, indicating the equi-biaxial 
loading is the easiest loading case to trigger the instability-induced pattern.   
The shearing angle 𝜑 (the rotation angle 𝜑𝑟 of hard cells can be expressed as a function 
of 𝜑 as 𝜑𝑟 =
𝜋 2⁄ −𝜑
2
) was also measured as a function of the overall displacement 𝛿 , as 
shown in Figs.5.17a, left; 5.17b, left; 5.17c, left. It can be seen that before the instability, 𝜑 is 
kept as 𝜋 2⁄ ; after the instability, 𝜑 gradually decreases. When  1/ 2 decreases, the critical 
displacement to the initiation of the decrease in 𝜑 increases, i.e. under equi-biaxial loading, 
the rotation of the hard cells occurs earliest; while under uniaxial loading, the rotation of the 
hard cells occurs latest. 
All three cases have very similar peak load ~150N. Generally, the FE results are consistent 
with the experimental results for all three cases. There is some discrepancy between FE and 
experimental data, especially after instability for the uniaxial case and the case of  1/ 2 =
1: 2. This is because that in experiments, damage occurs, while in the FE simulations, it was 
assumed that there is no damage in the materials.  
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To exclude the boundary effects and get the intrinsic mechanical properties of the material, 
FE simulations with periodic boundary conditions were performed under different bi-axial 
displacement ratios. Seven different bi-axial displacement ratios and one uniaxial compression 
were applied in the FE simulations. For all FE models, the stiffness ratio of 1000 was used.  
The FE results of the critical strain are plotted as a function of bi-axial displacement ratio, 
as shown in Fig.5.18d. It shows that when the displacement ratio increases, the critical strain 








Figure 5.18 FE simulation results for different biaxial compression displacement ratio: (a) 
max in-plane principal strain vs displacement ratio curve before buckling and FE simulation 
contour of four cases; (b) max in-plane principal strain vs displacement ratio curve after 
buckling and FE simulation contour of four cases; (c) max in-plane principal strain vs 
displacement ratio curve of original square lattices with hard rings (solid line) and modified 
square lattices with soft hinges (dash line); (d) critical strain vs. displacement ratio curve; 
 
The local deformation within the lattices before and after instability are quantified from 
the FE simulations. The max in-plane principal strain of the four FE models ( 1/ 2 = 1: 1, 
1: 2, 1: 4, and uniaxial compression) are compared in both pre-instability and post-instability 
ranges at different overall displacement 𝛿 ; as shown in Fig.5.18a and 5.18b. It shows that in 
the pre-instability range (Fig.5.18a), the max in-plane principal strain increases when 
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displacement 𝛿  increases for all four cases. At same displacement 𝛿  for all three values 
(𝛿 = 0.05, 0.1 and 0.15 mm), when the displacement ratio increases, due to the increase in 
constraints, the max in-plane principal strain decreases.  
However, in the post-instability range (Fig.5.18b), the trend of the influences of bi-axial 
displacement ratio on the local strain is opposite to that in the pre-instability range. It can be 
seen that when the bi-axial displacement ratio increases, the max in-plane principal strain 
increases for all different ∆  values, where ∆  is the relative displacement after instability 
(∆ = 0 represents the onsite of instability and ∆ = 0.5   represents that 𝛿  increases 
0.5mm after instability).     
The contours of max in-plane principal strain for the four cases before instability (𝛿 =
0.1  ) and after instability (   = 1  ) show that before instability, the uniaxial 
compression case has the lowest local compressive strain. However, after instability, the 
uniaxial compression case has the highest tensile strain. 
The trends shown in the pre-instability range and in the post-instability range are consistent 
with those shown in the experiments (Fig.5.17), in which the uniaxial compression load is the 
most difficult loading case to trigger the instability-induced pattern transformation and the 
worst loading case to damage the specimen in the post-instability range; on the contrary, the 
equi-biaxial loading case is the easiest loading case to trigger the instability-induced pattern 
transformation and the best loading case to avoid local failure in the specimen.   
Fig.5.18b shows that for all cases, the largest local strain is located at the corner of the soft 
square cells. This local strain can cause damage before the full development of the pattern. To 
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reduce the local strain and facilitate the formation of the instability-induced pattern, a modified 
design is shown in Fig.5.18c, in which, hard square cells are connected only though soft hinges 
at the corners of two neighboring cells. It shows that with this modification, the max in-plane 
principal strain is reduced to less than 1/3 of the original design. Also, with this modification, 
the pattern starts to form immediately upon external loads, and no obvious instability is 
observed.  
Pattern transition triggered by shape memory effects. The pattern transformation can be 
triggered by not only mechanical instability, but also by external stimuli, such as temperature. 
For example, if the soft hinges are made of materials with shape memory effects, the pattern 
transformation can be triggered by temperature change. The materials from the 3D printer have 
shape memory effects.  
To demonstrate the pattern transformation through temperature change, specimens (with 
the modified design shown in Fig.5.18c) were fabricated with the multi-material 3D printer, in 
which, the hard square cells were printed as VeroWhite (glass transition temperature 𝑇𝑔 ≈  0°) 
[123] and the soft hinges were printed as DM9870 glass transition temperature 2° < 𝑇𝑔 < 3 °) 
[124]. One specimen (Specimen A in Fig.5.19a) was designed and 3D printed in a fully closed 
configuration, and the other (Specimen B in Fig.5.19b) was designed and 3D printed in a fully 
extended configuration. For better visualization of the pattern, one quarter circle is designed in 
each hard square cell, therefore, when the cells fully close, four quarter circles from the four 
neighboring cells will rotate into a full circle.  
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First, both specimens are put into a tank of hot water with the temperature of 58℃, which 
is above the glass transition temperature of the soft hinge material. Under this temperature, the 
soft hinges become extremely soft. The samples were then deformed under equi-biaxial tension 
(Specimen A, Fig.5.19a) or compression (Specimen B, Fig.5.19b). The loads were held and at 
the same time the water temperature was reduced to 2℃, which is below the 𝑇𝑔 of soft hinge 
material. After the load is removed, the water temperature is changed back to 58℃ again. Thus, 
due to the shape memory effects of the soft hinges, the deformed specimens go back to their 
original configuration. It shows that for Specimen A, the quarter circles in hard square cells 
rotate and form circles (marked in red), while for Specimen B, the quarter circles in hard square 
cells rotate and form strips (marked in blue). 
 
Figure 5.19 Prototypes of shape memory square lattice with two designs: (a) from expanded 
shape (shown several stripes) to compressed shape (shown several circles) and (b) from 











Conclusions and discussions. In summary, under bi-axial compression, two different 
instability-induced patterns are observed in square lattices with single material and those with 
two different materials. For single material ones, the pattern is achiral (Mode I); while for the 
hybrid ones, the hard-square cells rotate and form chiral pattern (Mode II). The mechanics of 
the pattern transformation from Mode I to Mode II when tuning the stiffness ratio of the two 
phases in the design were explained from the energy point of view supported by systematic FE 
simulations. 
By using a custom bi-axial compression apparatus, the instability strain and the formation 
of the chiral patterns of 3D printed hybrid square lattices under different bi-axial compression 
ratios and uniaxial compression were quantified. It was found that all these loading cases can 
trigger the pattern transformation. Equi-biaxial compression is the easiest and most reliable 
loading case to trigger the instability-induced chiral pattern. However uniaxial compression is 
the most difficult one and will arise largest local deformation Therefore potential material 
damage which causes overall failure of the specimens is the most likely to happen for uniaxial 
compression. 
To reduce the local deformation and potential material damage, a modified design was 
developed by introducing soft hinges to connect the hard-square cells. By utilizing the shape 
memory effects of the 3D printed soft hinges, the temperature induced pattern formations were 
demonstrated on two 3D printed specimens. 
The new design concepts can be used to design smart architecture metamaterials which can 
be responsive to external load and/or environmental conditions such as light, temperature, 
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electric magnetic field, and humidity. The design concepts can be used to develop new material 
systems, sensors and/or actuators with broad engineering functions such as colour change for 


















Chapter 6 General Constitutive Modeling 
6.1  Introduction 
6.1.1 Existing structural models for auxetic cells 
In the literature, auxetic deformations were explored via a convenient geometric model 
with ‘skeletal structures’ of perfect rigid rods that pivot freely at common joints [23, 24]. Via 
the ‘skeletal structure’ model, the mechanical behavior of auxetic material has been studied [5, 
6, 23-25]. However, based on the ‘skeletal structure’ model, the material has zero load carrying 
capacity. Moreover, the Poisson’s ratio predicted from a ‘skeletal structure’ model was quite 
different with that measured from the corresponding elastic cellular solids. For example, based 
on the ‘skeletal structures’, the Poisson’s ratio of the ‘missing rib’ type of chiral cellular solids 
[5] was predicted as -1, but the finite element results of the ‘missing rib’ type of chiral cellular 
solid showed a Poisson’s ratio of ~ -0.3 to -0.5 [6], as was further confirmed by micro-scale 
uniaxial tension experiments [26]. This big difference is because of the rotation-free 
assumption made in the model at the common joints of the ‘skeletal structure’. Our recent study 
introduced center rotational springs and corner rotational springs to the skeletal structure and 
showed that a new parameter, the internal rotation efficiency, is the key to fix this difference 
and bridge the existing model and the real material. The so called ‘rigid-rod-rotational-spring 
(RRRS) model’ was developed, which can accurately capture the effective mechanical 




6.1.2 Monoclinic continuum model 
A chiral geometry is non-superposable on its mirror image. If a cellular solid has a chiral 
geometry, it is called chiral cellular solids. By considering the chiral cellular solid as a 
continuum, the elasticity of chiral cellular solid can be modeled as a monoclinic material. For 
the 2D chiral cell, there is no in-plane axis symmetry. For 2D monoclinic material, it also does 
not have in-plane axis of symmetry. Therefore, it potentially can be used to capture the effective 
mechanical properties of the 2D chiral cell. 
For isotropic material model, it has infinite axes of symmetry, therefore only two 
independent materials parameters are necessary and sufficient to capture all elastic properties. 
For orthotropic material, it has three orthogonal planes of symmetry, therefore there are nine 
independent material parameters. For monoclinic material, it has only a single plane of 
symmetry, therefore 13 independent material parameters are needed.  
The stiffness matrix and constitutive relation of 3D isotropic, orthotropic and monoclinic 
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  (6.3) 
For isotropic material, in Eq.(6.1), there are two independent material constants: 𝐶11 and 
𝐶12 . For orthotropic, in Eq.(6.2), there are nine independent material constants: 
𝐶11, 𝐶22, 𝐶33, 𝐶12, 𝐶13, 𝐶23, 𝐶44, 𝐶55, 𝐶66 . For monoclinic, the independent material constants 
increase to 13: 𝐶11, 𝐶22, 𝐶33, 𝐶12, 𝐶13, 𝐶23, 𝐶44, 𝐶55, 𝐶66, 𝐶45, 𝐶16, 𝐶26, 𝐶36. 
Considering a 2D case in x-y plane, the Eqs.(6.1), (6.2) and (6.3) can be simplified to 








































2   
}. (6.6) 
In 2D models, for isotropic material, in Eq.(6.4), there are two independent material 
constants: 𝐶11  and 𝐶12 . For orthotropic, in Eq.(6.5), there are four independent material 
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constants: 𝐶11, 𝐶22, 𝐶12, 𝐶66. For monoclinic, the number of independent material constants is 
six: 𝐶11, 𝐶22, 𝐶12, 𝐶66, 𝐶16, 𝐶26.  
6.1.3 Micropolar vs. couple stress model 
Considering the chirality induced rotation, the material points of the equivalent continuum 
of the chiral cells have additional rotational degrees of freedom which cannot be modeled via 
the classic continuum theory. General continuum theories can serve as an option. For example, 
the micropolar theory introduces rotational degrees of freedom in three directions to a material 
point, and therefore can potentially capture the internal rotation of the chiral cells. The chirality 
of the structure sometimes causes noticeable interior rotation and therefore additional curvature 
strain and coupled stress are important quantities in micropolar elasticity. 
Specifically, the major difference between the micropolar continuum and the classic 
Cauchy continuum is the additional rotational degree of freedom 𝜑𝑖. Therefore, the kinematics 
of micropolar continuum are characterized with the displacement 𝒖 = (𝑢1, 𝑢2, 𝑢3 ) and 
microrotation vectors 𝝋 = (𝜑1, 𝜑2, 𝜑3 ). The strain in the micropolar theory is defined as, 
  𝑖𝑗 = 𝑢𝑗,𝑖 − 𝑒𝑖𝑗𝑘𝜑𝑘 , (6.7) 
  𝜙𝑖𝑗 = 𝜑𝑗,𝑖 , (6.8) 
where, 𝑒𝑖𝑗𝑘 is the third-order Levi-Civita tensor, 𝑖𝑗 is the micropolar strain and  𝜙𝑖𝑗 is the 
curvature strain. It should be noticed that due to the existence of the micropolar rotation, the 
strain tensor 𝑖𝑗 is no longer symmetric in micropolar theory.  
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Due to the additional degrees of freedom, the force transmission is not only through force 
traction 𝒕 as in classical Cauchy continuum but also a couple traction (moment) Q. In this way, 
in addition to the classical stress tensor  , which relates the force traction 𝒕 as, 
  𝑡𝑖 =  𝑗𝑖𝑛𝑗 , (6.9) 
where, 𝒏 is the unit normal, in a micropolar continuum, there is an additional couple-stress 
tensor 𝒎, which relates the couple traction Q as, 
  𝑄𝑖 = 𝑚𝑗𝑖𝑛𝑗  . (6.10) 
Considering the equilibrium equations, which are, 
  𝑗𝑖,𝑗 = 0 , (6.11) 
  𝑒𝑖𝑗𝑘 𝑗𝑘 +𝑚𝑗𝑖,𝑗 = 0 . (6.12) 
It should be noticed that due to the existence of the couple stress tensor, the stress tensor 
 𝑖𝑗 is no longer symmetric in micropolar theory. 
Compared with micropolar theory, couple stress theory [125] is also considered with 
asymmetric force stress and couple stress tensor, and the microrotations 𝝋. But, different from 
micropolar theory, the microroation in couple stress theory is defined only by the displacement 




 𝑒𝑖𝑗𝑘𝑢𝑘,𝑗 . (6.13) 
Later on, Cowin (1969, 1970a,b) [126-128] proposed to connect the classical continuum 
theory, micropolar theory and couple stress theory by introducing a non-dimensional parameter 
𝑁 to link from the classical elasticity (𝑁 = 0), through the micropolar theory range (0 < 𝑁 <
1), to the couple stress theory (𝑁 = 1). 
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Within micropolar theory, there are non-chiral (centrosymmetric) micropolar theory and 
chiral (non-centrosymmetric) micropolar theory. Only the latter one can be used to capture the 
chiral effects of a material. The evolution of the Micropolar theory is schematically shown in 
Fig.6.1. The existence of couple-stress in materials was first proposed by Voigt (1887) [129]. 
However, the Cosserat brothers (1909) [130] were the first to develop a mathematical model 
using couple-stress to analyze materials. This continuum is acquired the name Micropolar 
theory following Eringen (1966) [131] and a non-chiral micropolar theory is proposed. Late 
on, a general isotropic chiral (also called non-centrosymmetric, acentric or hemitropic) 
micropolar theory which introduce three additional material constants compared to the non-
chiral one was first proposed by Lakes et al.(1982) [132]. Recently, based on the non-
centrosymmetric or hemitropic micropolar theory, Spadoni et al. (2012) [133] derived the 
closed-form solution of the stiffness matrix of a chiral cellular solid with circular rings. 
However, when applying this chiral micropolar theory to a 2D chiral cellular solid, the 
components which describe the chiral effects vanish and the resulting theory becomes non-
chiral [134]. Liu et al. (2012) proposed a 2D chiral isotropic micropolar constitutive model by 
introducing one additional material constant which represents the chiral effects in 2D case 
[134]. Later on, Chen et al. improved this model by introducing a four-fold symmetric stiffness 
matrix with two additional material constants and a two-fold symmetric stiffness matrix with 
six additional material constants to model a four-fold symmetric 2D chiral structure and a two-




Figure 6.1 History of the development of the chiral micropolar theory. 
 
In this Chapter, first, we will use a monoclinic material model to study the elastic matrix 
of a missing-rib type 2D chiral structure with four-fold symmetry in the regime of infinitesimal 
 𝑖𝑗 =  𝑖𝑗𝑘𝑙 𝑘𝑙 +  𝑖𝑗𝑘𝑙𝜙𝑘𝑙
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3D chiral (Lakes, 1982)3D non-chiral (Eringen, 1966)
 vanish
2D isotropic non-chiral (Spadoni, 2012) 
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thirteen independent constants:
 ,  ,  ,  ,  , 𝛼,  , 𝛽1, 𝛽2, 𝐶1 , 𝐶2,  1,  2
3D isotropic chiral (Lakes, 1982)3D isotropic non-chiral (Eringen, 1966)
 𝑖𝑗 = 𝐶1𝛿𝑖𝑗 𝑙𝑙 + 𝐶2 𝑖𝑗 + 𝐶3 𝑗𝑖 +  1𝛿𝑖𝑗𝜙𝑙𝑙 +  2𝜙𝑗𝑖 +  3𝜙𝑖𝑗
𝑚𝑖𝑗 =  1𝛿𝑖𝑗 𝑙𝑙 +  2 𝑖𝑗 +  3 𝑗𝑖 + 1𝛿𝑖𝑗𝜙𝑙𝑙 + 2𝜙𝑗𝑖 +  3𝜙𝑖𝑗
Nine independent constants:
 1,  2,  3, 𝐶1 , 𝐶2, 𝐶3,  1,  2, 3
 𝑖𝑗 = 𝐶1𝛿𝑖𝑗 𝑙𝑙 + 𝐶2 𝑖𝑗 + 𝐶3 𝑗𝑖
𝑚𝑖𝑗 = 1𝛿𝑖𝑗𝜙𝑙𝑙 + 2𝜙𝑗𝑖 +  3𝜙𝑖𝑗
Six independent constants:




deformation. Then by considering geometric nonlinearity, the model will be extended to the 
regime of finite deformation. Also, together with the RRRD model, the closed form analytical 
expression of the four independent material constants in the 2D monoclinic model can be 
derived.  
6.2  Rigid-rod-rotational-spring (RRRS) model [21, 22] 
In a chiral cell, the dominant deformation mechanism of the ribs is rotation. Thus, the unit 
chiral cell can be modeled as rigid ribs connected via rotational springs [21, 22]. The schematic 
drawing is shown in Fig.6.2 
 
Figure 6.2 The schematic drawing of a general unit chiral cell under undeformed (solid lines) 



























Fig.6.2a shows that the length of all ribs is the same a, which determines the scale of the 
cell. Based on different functions, the ribs are categorized into active ribs and passive ribs. By 
definition, the active ribs are those located along the loading direction, such as ribs A-B-O-C-
D in Fig.6.2a; and the passive ribs are those located along the direction orthogonal to the 
loading direction, such as ribs E-F-O-G-H. As shown in Fig.6.2a, the configuration of the chiral 
cell is determined by two angles, the angle 𝛼 between the active ribs A-B and B-O, and the 
angle 𝛽  between the passive ribs E-F and F-O. To model the constraints from the 
neighbouring cells, during deformation, points E and H are always on the same horizontal level, 
and points A and D are always along the same vertical line. 
To model the relative rotation between the ribs and the rotational flexibility of the ribs, one 
rotational spring with rotational stiffness 𝐾𝜃  is introduced to the centre O, as shown in 
Fig.6.2b, and two rotational springs with rotational stiffness 𝐾𝛼 are introduced to the corners 
B and C on the active ribs, and two rotational springs with rotational stiffness 𝐾𝛽 are 
introduced to the corners F and G on the passive ribs. In this model. The ribs are assumed to 
be rigid, the bending effects of the ribs and the rotational flexibility of the cells were both 
represented by the deformation of the rotational springs. Thus, the chiral cell becomes a system 
of rotational springs and rigid rods. 
6.3  Negative Poisson’s ratio and internal rotation [21, 22] 
When the cell is subjected to uniaxial compression at A and D, as shown in Fig.6.2a, the 
active ribs B-O-C will rotate clockwise with an angle  𝜑𝑎, which will drive the rotation of the 
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passive ribs F-O-G to rotate with an angle  𝜑𝑝 in the same direction. The rotation of the ribs 
inside the cell leads to the overall negative Poisson’s ratio of the chiral cell. To quantify the 
internal rotation of the cell, the instantaneous internal rotational efficiency 𝑅𝑝/𝑎 is defined, 
which is the incremental form of the ratio between the rotation angle of the passive ribs and 
that of the active ribs as shown in Eq.(6.14): 
  𝑅𝑝/𝑎 =
 𝜑𝑝
 𝜑𝑎
 . (6.14) 






 . (6.15) 
The rotation efficiency 𝑅𝑝/𝑎 can only vary from 0 to 1. 
The instantaneous apparent Poisson’s ratio under uniaxial loading along direction y is 
related to the rotational efficiency 𝑅𝑝/𝑎
 
 and the angles 𝛼 and 𝛽 as: 





 . (6.16) 




Figure 6.3 Parametric space of chiral structures with RRRS model. 
 
Fig.6.3 shows that by varying 𝛼 and 𝛽, the negative Poisson’s ratio can be tailored in a 
very large range (0, -∞). It shows that when 𝛼 increases and/or 𝛽 decreases, the Poisson’s 
ratio ?̅?   decreases; and when 𝛼 equals to 𝛽, ?̅?  = −𝑅𝑝/𝑎
 
. 
Interestingly, from the equilibrium of the rotational-spring-rigid-rod system, the rotational 
efficiency 𝑅𝑝/𝑎
 
 can be directly related to the rotational stiffness ratio 𝑅𝑠
 
 between the central 
spring and the corner springs on the passive ribs, where, 𝑅𝑠
 
 is defined as 
 𝑅𝑠
 
= 𝐾𝜃 𝐾𝛽⁄  , (6.17) 
where 𝐾𝜃 is the rotational stiffness of the center spring and 𝐾𝛽 is the rotational stiffness of 
the corner springs on the passive ribs.  































𝛼 = 𝛽𝛼 + 𝛽 = 𝜋
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The rotational efficiency 𝑅𝑝/𝑎
 












 .  (6.18) 
Eq.(6.18) is plotted in Fig.6.4. Fig.6.4 shows that generally, when 𝑅𝑠
 
 increases, the 
rotational efficiency 𝑅𝑝/𝑎
 





very sensitive to 𝑅𝑠
 
. Specifically, when 𝑅𝑠
 
 increases from zero to infinity, the rotational 
efficiency 𝑅𝑝/𝑎
 
 will increase from zero to 1. When 𝑅𝑠
 
 changes from ~1-100, the rotational 
efficiency 𝑅𝑝/𝑎
 
 will dramatically increase from ~0.11 to ~0.93, while when 𝑅𝑠
 
 changes 
beyond this range, 𝑅𝑠
 




Figure 6.4. The relation between the rotation efficiency and the rotational stiffness ratio of the 





















According to the theoretical model, (Eqs.6.16 and 6.18), the instantaneous apparent 
Poisson’s ratio of the chiral cell is determined by both the geometry of the cell and the rotational 
stiffness ratio between the center spring and that of the corner springs on the passive ribs via 








 .  (6.19) 
Similarly, the apparent Poisson’s ratio under loading in x direction is, 




  .  (6.20) 
where, the 𝑅𝑝/𝑎





 . (6.21) 
Or, 







 .  (6.22) 
where, 𝑅𝑠
  is the stiffness ratio of the rotational springs while loaded in x direction: 
 𝑅𝑠
 = 𝐾𝜃 𝐾𝛼⁄  .  (6.23) 
6.4  Analytical prediction of the effective stiffness 
The effective stiffness     of the cell along direction y (loading direction) can be derived 
based on the principle of virtual work:  
 ∫  (𝑥, 𝑦) ∙ 𝜹𝒖(𝑥, 𝑦)
𝑺(𝒙,𝒚)
= ∑ 𝑴𝒊 ⋅
𝒏
𝒊= 𝜹𝝋𝒊 , (6.24) 
where,   represents the reaction forces at the boundaries of a chiral unit cell under overall 
uniaxial loading. The components of P are  𝑖
𝑗
, 𝑖 = 𝑥, 𝑦;  𝑗 =  ,  ,  , 𝐻, as shown in Fig.6.5; 
𝒖 represents the displacements at the boundaries which include components 𝑢𝑖
𝑗
, 𝑖 = 𝑥, 𝑦, 𝑗 =
 ,  ,  , 𝐻 ;  𝑴𝒊  represents the force moments of all five rotational springs, and 𝑴𝒊 =
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(𝑀𝜶,  𝑀𝜶, 𝑀𝜷, 𝑀𝜷, 𝑀𝜽)
𝑻
; 𝝋𝒊 represent the rotation angles of the rotational springs, and 𝝋𝒊 =
(𝛼,  𝛼,  𝛽,  𝛽,  𝜃)𝑻. 
 
Figure 6.5 The schematic drawings of the virtual work and free body diagram of a RVE 
under uniaxial compression 
 
Under the uniaxial loading along y direction, as shown in Fig.6.5 the left-hand side of 
Eq.(6.24) becomes, 
∫  (𝑥, 𝑦) ∙ 𝜹𝒖(𝑥, 𝑦)
𝑺(𝒙,𝒚)
=   
𝐴𝑢 
𝐴 +   
𝐴𝑢 
𝐴 +   
𝐷𝑢 
𝐷 +   
𝐷𝑢 
𝐷 +   
𝐸𝑢 
𝐸 +   
𝐸𝑢 
𝐸 +   
𝐻𝑢 
𝐻 +   
𝐻𝑢 
𝐻. (6.25) 
At the boundaries, 𝑢 
𝐴 = 𝑢 
𝐷 = 𝑢 
𝐸 = 𝑢 
𝐻 = 0,   
𝐴 =   
𝐷 ,   
𝐴 =   
𝐷 , and   
𝐸 =   
𝐻 = 0, 
Thus, according to the strain energy definition, 











The right-hand side of Eq.(6.24) yields, 
 ∑ 𝑴𝒊 ⋅
𝒏


















2], can be re-
written in terms of 𝑅𝑝/𝑎
 
































































































( 𝛼)2.  (6.28) 
By combining Eqs.(6.21), (6.23), and kinematics equation of  𝛽 = 2 𝜑𝑝,  𝛼 = 2 𝜑𝑎, 




2 can also be re-written 
in terms of 𝑅𝑝/𝑎
 












2.  (6.29) 
Thus, by combining Eqs.(6.27), (6.28), and (6.29), the work done to deform a unit cell can 
be written into a function of 𝑅𝑝/𝑎
 
 and  𝛼 as 
 ∑ 𝑴𝒊 ⋅
𝒏
𝒊= 𝜹𝝋𝒊 = [𝐾𝛼 + (𝑅𝑝/𝑎
 
)𝐾𝛽] ( 𝛼)
2 .  (6.30) 



















 the effective stiffness along the 
loading direction y is derived as  














𝐾𝛽) .  (6.31) 
Then, by substituting Eqs.(6.31) and (6.17) into Eq.(6.18), the effective stiffness along the 
loading direction y can also be written as: 















) .  (6.32) 
Similarly, the effective stiffness in x direction is, 
 













 𝐾𝛼) .  (6.33) 
Or, 
 















) .  (6.34) 
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From Eqs.(6.32) and (6.34) show that the effective stiffness is related to both the cell 
geometry (𝑎, 𝛼, 𝛽), and the rotational stiffness (𝐾𝛼, 𝐾𝛽, 𝐾𝜃) of the rotational springs. 
6.5  Analytical prediction of the coupling effect 
Due to chirality, there is coupling between the shear and uniaxial deformation. This 
coupling effect can be best quantified via two cases: (1) under constrained uniaxial deformation 
(  =  0 ,   = 0,   = 0.), not only axial stress   , but also shear stress     will be 
generated, as shown in Fig.6.6a. Thus, to quantify this coupling effect, a coupling stress factor 
𝜂𝑠  is introduced. 𝜂𝑠  is defined as 𝜂𝑠 =    /  , where     and    are shear stress and 
normal stress along loading direction under this constrained uniaxial deformation. (2) under 
uniaxial stress (  =   0,    = 0,   = 0.), not only axial strains   and  , but also shear 
strain    and    will be generated, as shown in Fig.6.6b. Thus, to quantify this coupling 
effect, a coupling strain factor 𝜂  is introduced. 𝜂  is defined as 𝜂 =    /  , where     
and   are shear strain and normal strain along loading direction under this constrained 




Figure 6.6 The schematic drawings of coupling effect under (a) constrained uniaxial 
deformation and (b) constrained uniaxial stress. 
 
Case (1). For case (1), the free body diagrams of the active and passive ribs under constrained 
uniaxial deformation along y direction are shown in Fig.6.7. Due to chirality, there will be both 
vertical and horizontal forces at points A and D. There will also be vertical force at point E. 
Case (1) :Stress coupling
Case (2): Strain coupling
 =  0
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Figure 6.7 The free body diagrams of the (a) passive and (b) active ribs in the unit cell. 
 
The rotational moments generated by the rotational spring in the center and at the corners 
are 𝑀𝜃, 𝑀𝛼, and 𝑀𝛽 respectively. The constitutive equations of the rotational springs are: 
 𝑀𝛼 = 𝐾𝛼 𝛼 , (6.35) 
 𝑀𝛽 = 𝐾𝛽 𝛽 , (6.36) 
 𝑀𝜃 = 𝐾𝜃 𝜃 . (6.37) 
According to Fig.6.7, the moment equilibrium of the rib E-F or G-H yields 




= 𝐾𝛽 𝛽 .  (6.38) 
The moment equilibrium of the ribs F-G shown in Fig.6.7 yields 




+ 2𝐾𝛽 𝛽 = 𝐾𝜃 𝜃 .  (6.39) 





































































+ 𝐾𝛼 𝛼 . (6.40) 
The moment equilibrium of the ribs B-C shown in Fig.6.7 yields 








= 2𝐾𝛼 𝛼 + 𝐾𝜃 𝜃 .  (6.41) 
The moment equilibrium of the RVE yield 








 .  (6.42) 
Eqs.(6.38) and (6.42) yield 




= 𝐾𝛽 𝛽  .  (6.43) 
Eqs.(6.40) and (6.43) yield 




= 𝐾𝛽 𝛽 + 𝐾𝛼 𝛼 . (6.44) 
Then, Eqs.(6.15), (6.43), and (6.44) yields 
   









 .  (6.45) 
Based on Eq.(6.45). the coupling stress factor under constrained uniaxial deformation 
along y direction can be derived as: 
 𝜂𝑠
 























 .  (6.47) 
Similarly, the coupling stress factor under constrained uniaxial deformation along x 
direction can be derived as: 
 𝜂𝑠






















 .  (6.49) 
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Case (2). For case (2), the schematic drawing of a general unit chiral cell under undeformed 
(solid lines) and deformed configurations (dash lines) in responding to vertical uniaxial 
compressive stress (with zero shear stress) is shown in Fig.6.8a. The free body diagrams of the 
active and passive ribs are shown in Figs.6.8b and 6.8c, respectively. 
 
Figure 6.8 (a) Schematic drawing of a general unit chiral cell under undeformed (solid lines) 
and deformed configurations (dash lines) in responding to vertical uniaxial compression 
without shear stress and free body diagrams of (b) active ribs and (c) passive ribs. 
 
Since the shear strain in not constrained, there is no forces at points E and H. Therefore, 
due to equilibrium, 𝑀𝜃 = 0  and  𝜃 = 0 . The passive ribs only had rigid body rotation 













= 𝑎 𝛼 𝑐𝑜𝑠
𝛼
2
 .  (6.50) 



























 𝛿2 = 2𝑎 𝜑𝑎 𝑐𝑜𝑠
𝛼
2
 .  (6.51) 




=  𝜑𝑎 𝑐𝑜𝑡
𝛼
2
 .  (6.52) 
Form Fig.6.8 and 𝐿 = 4𝑎 sin
𝛽
2
, the shear displacement 𝛿1 is, 
 𝛿1 = 2𝑎 𝑠𝑖𝑛
𝛽
2
𝑠𝑖𝑛( 𝜑𝑝) .  (6.53) 
Since small deformation, 𝑠𝑖𝑛( 𝜑𝑝) ≈  𝜑𝑝, so Eq.(6.53) can be written as: 
 𝛿1 = 2𝑎 𝜑𝑝 𝑠𝑖𝑛
𝛽
2
 .  (6.54) 
In terms of shear strain, 
    =
2𝛿1
𝐿𝑥
=  𝜑𝑝 .  (6.55) 
As mentioned above,  𝜃 = 0  and according to  𝜃 =  𝜑𝑝 −  𝜑𝑎 ,  𝜑𝑝 =  𝜑𝑎 . 









 .  (6.56) 








 . (6.57) 
6.6  Constitutive models 
Monoclinic model. Considering a 2D chiral cell with extruded geometry in the third direction 
(z direction), for this chiral cell, there is no axis of symmetry in x-y plane. Since symmetry only 
holds in direction z, the only plane of symmetry is x-y plane which can be described as a 
monoclinic model as: 
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2   
}. (6.59) 
The number of the independent material constants now is reduced to six.  
Considering a chiral cell with four-fold symmetry (assuming 𝛼 = 𝛽 and 𝐾𝛼 = 𝐾𝛽, in the 
RRRS model). To quantify the monoclinic material behavior of it via Eq.(6.59), similar to case 
(1), we first applied a prescribed uniaxial deformation along x direction with the strain and 




𝐼 = 𝐶11  0 − 𝐶12?̅?   0  (𝑎)
0 = 𝐶12  0 − 𝐶22?̅?   0      (𝑏)
   
𝐼 = 𝐶16  0 − 𝐶26?̅?   0 (𝑐)
. (6.60) 
Eq.(6.60b) gives, 
 𝐶12 = 𝐶22?̅?  . (6.61) 




𝐼 = 𝐶11  0 − 𝐶22?̅?  
2
 0  (𝑎)
   
𝐼 = 𝐶16  0 − 𝐶26?̅?   0  (𝑏)
. (6.61) 
Then, again like in case (1), we apply a prescribed uniaxial deformation along y direction 
with the strain and stress constraints as (  =  0,   = 0 and   = 0). Substituting these 




0 = −𝐶11?̅?   0 + 𝐶12  0       (𝑎)
  
𝐼𝐼 = −𝐶12?̅?   0 + 𝐶22  0  (𝑏)
   
𝐼𝐼 = −𝐶16?̅?   0 + 𝐶26  0 (𝑐)
. (6.63) 
Eq.(6.63b) gives, 
 𝐶12 = 𝐶11?̅?  . (6.64) 




𝐼𝐼 = −𝐶11?̅?  
2
 0 + 𝐶22  0  (𝑎)
   
𝐼𝐼 = −𝐶16?̅?   0 + 𝐶26  0  (𝑏)
. (6.65) 
If the prescribed strains in x and y directions are the same, i.e.  0 =  0, due to the four-
fold symmetry and Eqs.(6.31) and (6.34), when 𝛼 = 𝛽  and 𝐾𝛼 = 𝐾𝛽 , then    =     and 
  
𝐼 =   
𝐼𝐼, which yields, 
 𝐶11(1 + ?̅?  
2) = 𝐶22(1 + ?̅?  
2). (6.66) 
According to Eqs.(6.19) and (6.22), when 𝛼 = 𝛽 and 𝐾𝛼 = 𝐾𝛽, ?̅?  = ?̅?  . Therefore, 
𝐶11 = 𝐶22. 
According to Eqs.(6.47) and (6.49), when 𝛼 = 𝛽 and 𝐾𝛼 = 𝐾𝛽, 𝜂𝑠
 = −𝜂𝑠
 
, since   
𝐼 =
  
𝐼𝐼, therefore    
𝐼 = −   
𝐼𝐼, which gives, 
 𝐶16(1 − ?̅?  ) = 𝐶26(?̅?  − 1). (6.67) 
Since, ?̅?  = ?̅?  , therefore, 𝐶16 = −𝐶26. Thus, Eq.(6.59) can be further simplified with 













2   
}. (6.68) 
For chiral cells, due to the chirality induced internal rotation, micropolar continuum model 
can be used to accurately capture the additional micropolar curvature strain and couple stress. 
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However, in some cases, the additional curvature strain and couple stress are negligible even 
the overall structure is chiral. In this case, since the overall structure is chiral which has no in-
plane axis of symmetry, the abovementioned monoclinic material model can also accurately 
describe the constitutive relation of the chiral structure. To explore the option of micropolar 
model, we start from the micropolar constitutive relation: 
  𝑖𝑗 =  𝑖𝑗𝑘𝑙 𝑘𝑙 +  𝑖𝑗𝑘𝑙𝜙𝑘𝑙 . (6.69) 
 𝑚𝑖𝑗 =  𝑖𝑗𝑘𝑙 𝑘𝑙 + 𝑖𝑗𝑘𝑙𝜙𝑘𝑙 . (6.70) 
where,  𝑖𝑗  and 𝑘𝑙  are the asymmetric stress and strain tensors. 𝑚𝑖𝑗  and 𝜙𝑘𝑙  are the 
additional couple stress and curvature strain tensors.  𝑖𝑗𝑘𝑙,  𝑖𝑗𝑘𝑙 and  𝑖𝑗𝑘𝑙 are the stiffness 
tensors of rank four. Note that, for chiral structure, or so called non-centrosymmetric medium, 
generally,  𝑖𝑗𝑘𝑙 ≠ 0. Therefore, for a 3D chiral structure, the   tensor carries the information 
of chirality. 
For a 2D chiral structure that we are focusing on in this chapter,  𝑖𝑗𝑘𝑙 has to vanish [134]. 
Eqs.(6.69) and (6.70) become, 
  𝑖𝑗 =  𝑖𝑗𝑘𝑙 𝑘𝑙 . (6.71) 
 𝑚𝑖3 =  𝑖3𝑘3𝜙𝑘3 . (6.72) 
It shows that for a 2D micropolar model, the classical stress-strain relation and the couple 
stress and curvature strain relation are decoupled. 
For isotropic micropolar model, tensors  𝑖𝑗𝑘𝑙 and  𝑖3𝑘3 can be expressed as, 
  𝑖𝑗𝑘𝑙 = ( −  )𝛿𝑗𝑘𝛿𝑖𝑗 + ( +  )𝛿𝑗𝑙𝛿𝑖𝑘 +  𝛿𝑖𝑗𝛿𝑘𝑙 . (6.73) 
  𝑖3𝑘3 =  𝛿𝑖𝑘 . (6.74) 
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where, 𝛿𝑖𝑗 is the Kronecker delta,  ,   are the Lame constants in classical elasticity and  , 
  are additional micropolar constants. By using the Voigt notation, Eqs.(6.73) and (6.74) can 
























 + 2  0 0 0 0
  + 2 0 0 0 0
0 0  +   −  0 0
0 0  −   +  0 0
0 0 0 0  0






















Eq.(6.75) is the same as the case of isotropic non-chiral micropolar model. Therefore, there 
should be something missing in Eqs.(6.73) and (6.74) when the constitutive relation is reduced 
to 2D case. To fix this problem, Liu et al. (2012) proposed a new form of constitutive relation 
by introducing a new parameter A: 
  𝑖𝑗 =  𝛿𝑖𝑗 𝑙𝑙 + ( +  ) 𝑖𝑗 + ( −  ) 𝑗𝑖 +  𝛿𝑖𝑗𝑒3𝑘𝑙 𝑘𝑙 +  𝑒3𝑖𝑗 𝑙𝑙 . (6.76) 
 𝑚𝑖3 =  𝜙𝑖3 . (6.77) 
where 𝑒3𝑘𝑙 is the Levi-Civita tensor. 
























 + 2  −  0 0
  + 2 −  0 0
− −  +   −  0 0
   −   +  0 0
0 0 0 0  0






















Eqs.(6.76), (6.77) and (6.78) are for a hemitropic chiral structure. Late on, Chen et al. 
(2014) proposed a constitutive relation for four-fold and two-fold symmetric chiral structure 
based on the theory proposed by Liu et al. (2012). In this section, we will focus on the four-
fold symmetric chiral structure. 
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Based on the theory proposed by Chen et al., (2014), the micropolar constitutive relation 
























 + 2 + 𝛼  − 𝛼 − +   +  0 0
 − 𝛼  + 2 + 𝛼 − −   −  0 0
− +  − −   +  − 𝛼  −  − 𝛼 0 0
 +   −   −  − 𝛼  +  − 𝛼 0 0
0 0 0 0  0
























Compared with the theory proposed by Liu et al., (2012), two additional material constants 
𝛼 and B were introduced to model the four-fold symmetry. 
For the missing rib type chiral structure investigated in this dissertation, to focus on the 
four-fold symmetric structure, we assume 𝛼 = 𝛽 and 𝐾𝛼 = 𝐾𝛽. To investigate the necessity 
of micropolar elasticity, the asymmetry of the stress strain tensors will be investigated via FE 
simulations.  
For micropolar elasticity, due to the coupled stress, the strain tensor and stress tensor are 
no longer symmetric which, 
  𝑖𝑗 ≠  𝑗𝑖, 𝑖𝑗 ≠ 𝑗𝑖 . (6.80) 
To further investigate the existence of curvature strain 𝝓  and coupled stress m, the 
symmetry of the stress tensor is investigated. For all FE models, Chiral structure with 𝛼 =
𝛽 = 90°, 𝑎 = 5.3033 mm was used. Therefore, the size of the RVE of the chiral cell is 𝐿1 =
𝐿2 = 15 mm. Two sets of material properties were used to represent the materials in the hard 
ribs and the soft hinges. To focus on the geometric effects, linear elastic isotropic material 
models were used. For all FE models, the material in hard ribs was kept the same with  1 =
2000 MPa and 𝜈 = 0.45. The material in the soft hinges was varied to represent different 
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rotational stiffness ratio between the ribs and hinges ( 2 = 2, 20, 2000 MPa, 𝜈 = 0.45). 
Therefore, three different stiffness ratios were numerically explored:  1/ 2 =
1, 100, 𝑎𝑛  1000. Periodic boundary condition was applied to all four edges. FE simulations 
under cases (1) of loading with 𝐹 = [
 𝑟𝑒𝑒 0
0 0. 
] were performed in ABAQUS/STANDARD 
V6.13. Four-node 2D plane stress elements (CPS4) were used and the accuracy was verified 
by mesh refinement study. The shear stress     and     are outputted vs. the overall strain 
  in Fig.6.9. 
 
Figure 6.9 Strain-stress curves of     and     vs.   for (a)  1/ 2 = 1, (b)  1/ 2 =
100, and (c)  1/ 2 = 1000. 
 
Fig.6.9 shows that for all three stiffness ratios,    =     at the beginning of the 
deformation. Under deformation beyond 10%-20% the shear stress components     and     
start to be different. For  1/ 2 = 1 and  1/ 2 = 100, the shear stress are very similar upon 
an overall strain  = 0.1 and for  1/ 2 = 1000, they are similar upon overall strain  =
0.2. These results indicate that for this particular chiral structure, the stress tensor is symmetric 
under small deformation. Therefore Eq.(6.79) can be simplified with  = 0 and  = 0 as, 









































   
   
   
   
   







   
} = [
 + 2 + 𝛼  − 𝛼  
 − 𝛼  + 2 + 𝛼 − 




2   
} (6.81) 
Interestingly, Eq.(6.81) has the same format as Eq.(6.68), which was derived from the 
monoclinic model. Therefore, for a four-fold symmetric missing rib type 2D chiral structure 
with 𝛼 = 𝛽  and 𝐾𝛼 = 𝐾𝛽 , there are only four independent material constants. These 
constants are related to the effective mechanical properties derived in Section 6.3, 6.4, and 6.5. 
Considering 𝛼 = 𝛽 and 𝐾𝛼 = 𝐾𝛽, the one optional set of the four independent material 
constants can be: the effective Young’s modulus derived in Section 6.3, the effective Poisson’s 
ratio derived in Section 6.4, the coupling stress factor derived in Section 6.5, and the coupling 
strain factor derived in Section 6.5. These constants are related to the RRRS model as: 






 , (6.82) 









 , (6.83) 
?̅?  = ?̅?  = ?̅? = −
𝑅𝑠
𝑅𝑠+8












 , (6.85) 
𝜂 
 = −𝜂 
 
= 𝜂 = −𝑡𝑎𝑛
𝛼
2
 . (6.86) 
The other set of the four independent material constants shown in Eq.(6.68) can be related 
to these four effective mechanical properties via the following derivation:  
First, similar to case (1), apply a prescribed uniaxial deformation along x direction with 
the strain and stress constraints as (  =  0 ,   = 0  and   = 0 ). Substituting these 
constraints into Eq.(6.68), yields, 
{
  = 𝐶1  0 − 𝐶2?̅?  0
0 = 𝐶2  0 − 𝐶1?̅?  0
















 . (6.90) 
Then, similar to case (2), consider a uniaxial deformation along x direction with the strain 
and stress constraints as (  =  0, and   = 0,    = 0). Substituting these constraints into 
Eq.(6.68), yields, 
{
  = 𝐶1  0 + 𝐶2  + 𝐶3   
0 = 𝐶2  0 + 𝐶1  − 𝐶3   
0 = 𝐶3  0 − 𝐶3  + 𝐶4   














 . (6.92) 
By substituting Eqs.(6.83), (6.84), (6.85), and (6.86) into Eqs.(6.88), (6.89), (6.90), and 































 . (6.96) 
Therefore, the whole closed-form stiffness matrix 𝑪 of this four-fold symmetric chiral 
structure is derived as the functions of, 𝛼, rotational stiffness ratio 𝐾𝜃, and stiffness ratio 𝑅𝑠 
in the RRRS model. 
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6.7  Validation of the constitutive relation  
To validate the constitutive relation derived in Section 6.6 and explore the influences of 
the geometric parameter, angle 𝛼, and the material parameter, rotational stiffness ratio 𝑅𝑠 on 
the stiffness matrix, FE models of 35 chiral structures with different 𝛼 and 𝑅𝑠 were set up in 
ABAQUS/CAE. In all models, the rib length 𝑎 = 5.3033  mm. A slender structure with 
𝑎/𝑡 = 20 was selected to eliminate the shear effect within the ribs.  
As mentioned in Section 6.6, for this 2D chiral cell, the size effect is negligible. Therefore, 
the single RVE with periodic boundary condition is used to reduce the computation time. The 
angle 𝛼  is selected with five different values (𝛼 =  0°, 90°, 120°, 150°, an  1 5° ). Two 
different material properties were used to represent the hard ribs and soft hinges. The rib 
material was kept the same with  1 = 2000 MPa and 𝜈 = 0.45. The hinge material was 
varied to represent different rotational stiffness ratio between the ribs and hinges ( 2 =




1, 4,10, 40, 100, 400, an  1000 were used. FE models are shown in Fig.6.10a and 6.10b. FE 
simulations under uniaxial compression with and without constraints in shearing deformation, 
and pure shear deformation were conducted on all FE models by using ABAQUS/STANDARD 
V6.13. Four-node 2D plane stress elements (CPS4) were used and the accuracy was verified 




Figure 6.10 FE models for (a) different stiffness ratio, (b) different rib angle, and (c) three 
different deformation gradients 
 
The three controlled displacement conditions for the FE simulations are represented by 
different deformation gradients as 𝐹1 = [
 𝑟𝑒𝑒 0
0 0. 
] , 𝐹2 = [
 𝑟𝑒𝑒  𝑟𝑒𝑒
 𝑟𝑒𝑒 0. 




] , as shown in Fig.6.10c. The effective Young’s modulus, Poisson’s ratio, the 
coupling stress factor were investigated with 𝐹1. The coupling strain factor was investigated 
with 𝐹2. The shear modulus was investigated with 𝐹3.  
To directly compare the analytical prediction and the numerical results, a relation between 
the material stiffness ratio  1  2⁄  and the rotational stiffness ratio 𝑅𝑠 needs to be established. 
By assuming that the material stiffness ratio  1  2⁄  is proportional to the rotational stiffness 
ratio 𝑅𝑠, a scaling law is proposed. Through more parametric study via FE simulations, it was 
𝛼 =  0° 𝛼 = 90° 𝛼 = 120° 𝛼 = 150° 𝛼 = 1 5°
 1
 2








 𝑟𝑒𝑒  𝑟𝑒𝑒





found that the angle 𝛼 also influences 𝑅𝑠. A scaling law with both the influence from  1  2⁄  
and 𝛼 is proposed according to the numerical results, 









 , (6.97) 
where,  1 = 5.239 ,  2 = 0.2191,  3 = −0.0  5 . These values were obtained by best 
fitting the numerical results of the 𝑅𝑝/𝑎 output in all the 35 FE simulations. The scaling law 
and the 𝑅𝑠 from FE simulations are shown in Fig.6.11. It shows that the scaling law fitting 
well with the FE simulations results for most of the  1  2⁄  and 𝛼. There are some differences 
when 𝛼 is very large and  1  2⁄  is very large. 
 
Figure 6.11 Comparison of the scaling law fitting and FE simulation results for 𝑅𝑠 (colored 
plane represent the scaling law fitting and markers represent the FE simulation results) 
 
To directly compare the analytical prediction and the numerical results, the value of the 




kept constant and the shape of the centre cross remains the same for all 35 models, we assume 
𝐾𝜃  is also same for all 35 models. The value of 𝐾𝜃  can be obtained from numerical 
simulations: The FE model of a centre cross shown in Fig.6.12a is developed. A prescribed 
force is applied at the both ends of one beam to represent the rotation according to the active 
ribs. The vertical displacement is constrained at the both ends of the other beam to represent 
the constraints according to the passive ribs, as shown in Fig.6.12b. 
 
Figure 6.12 (a) FE model and mesh of center cross, (b) schematic drawing of the boundary 
condition and deformed shape and (c) contour of the FE simulation at 𝛿𝜑 = 10°. 
 
The active ribs will rotate under the prescribed load with an angle 𝛿𝜑. According to the 
work equilibrium, the moment M, rotate angle 𝛿𝜑, prescribed load f, and the displacement at 
the end of the active beam 𝛿  can be related as: 
𝑀𝛿𝜑 = 2 𝛿  . (6.98) 
According to the geometry, the rotation angle 𝛿𝜑 and displacement 𝛿  can be related 
as: 




















Therefore, by outputting the force f and displacement 𝛿 , the relationship between the 
moment M and rotation angle 𝛿𝜑 is obtained and plotted in Fig.6.13. 
 
Figure 6.13 FE results: curve of moment vs. rotation angle for the effective rotational spring 
of center cross. 
 
Fig.6.13 shows a linear relationship between the moment M and rotation angle 𝛿𝜑. This 
linear relationship holds for quite large rotation angle (~10 degrees). The slope of the curve in 
Fig.6.14 represents the rotational stiffness 𝐾𝜃. It can be obtained that 𝐾𝜃 = 3.4972 ∙   . 
Now the theoretical prediction Eqs.(6.83), (6.84), (6.85), and (6.86) can be compared with 
the numerical results. The Poisson’s ratio, effective Young’s modulus, coupling strain factor, 
effective shear modulus and coupling stress factor are plotted in Fig.6.14, 6.15, 6.16, 6.17 and 
6.18, respectively. 




















Figure 6.14 The influence of stiffness ratio  1  2⁄  and angle 𝛼 on effective Poisson’s ratio 
(solid line represent theoretical predictions and marks represent FE simulation results) 
 
Fig.6.14 shows that based on the 35 FE models of the chiral cell, the Poisson’s ratio is in 
the range of ~-0.4 to ~-0.96. Both the theoretical prediction and FE simulation show that the 
Poisson’s ratio will decrease when the stiffness ratio increases or when the angle increases. The 
influences of the angle also increase when the stiffness ratio increases. When  1  2⁄ = 1, all 
different angles have almost the same value of Poisson’s ratio ~-0.4. After  1  2⁄  increases, 
the range of the Poisson’s ratio of the five different angles become larger. With further 
increases in  1  2⁄ , this range starts to decrease, and finally will all have the same value of -1. 
The theoretical prediction and FE simulation show good agreement for angle 𝛼 up to 150 
degrees. There are some differences for the case of 𝛼 = 1 5°. These differences are because 
of that for extremely large 𝛼’s, the material properties of the soft hinge are largely influenced 
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Figure 6.15 The influence of stiffness ratio  1  2⁄  and angle 𝛼 on effective Young’s 
modulus (solid line represent theoretical predictions and marks represent FE simulation 
results) 
 
Fig.6.15 shows that the effective Young’s modulus will decrease when the stiffness ratio 
increases, as is obvious since we soften the hinges to achieve different stiffness ratios. For most 
of the cases, the Young’s modulus will increase when angle increases. There are some 
exceptions in the range between  1  2⁄ = 100 and  1  2⁄ = 1000, as was captured by both 
theoretical and numerical results. When  1  2⁄ < 100, the Young’s modulus follows the order 



















































 1  2⁄ < 400, the order of the Young’s modulus changes as that for 𝛼 = 120° > that for 
𝛼 =  0° >  that for 𝛼 = 90° . When 400 <  1  2⁄ < 1000 , the order of the Young’s 
modulus changes into that for 𝛼 =  0° >  that for 𝛼 = 120° >  that for 𝛼 = 90° . This 
phenomenon is due to the influences of the shape of the soft hinges and when  1  2⁄  becomes 
larger, the deformation localizes in the soft hinges which enlarge the shape effects of the soft 
hinges. The trends predicted by the analytical model are consistent with the numerical results. 
However, there are some differences, which are mainly due to the bending in the ribs and the 
shape effects of the soft hinges. These effects are not considered in the RRRS model.  
 
Figure 6.16 The influence of stiffness ratio  1  2⁄  and angle 𝛼 on coupling strain factor 
(solid line represent theoretical predictions and marks represent FE simulation results) 
 
For the coupling strain factor, as predicted in Eq.(6.86), the theoretical prediction has no 
relation to the stiffness ratio. The numerical results show that the influence of the stiffness ratio 
is relatively small (maximum influence from ~9.5 to ~11) compared with those of the angle 
(from ~1 to ~9.5). Both the theoretical and numerical results show the coupling strain factor 
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increases when angle increases. The theoretical and numerical results have better agreement 
when  1  2⁄  is large.  
 
Figure 6.17 The influence of stiffness ratio  1  2⁄  and angle 𝛼 on effective shear modulus 
(solid line represent theoretical predictions and marks represent FE simulation results) 
 
In stiffness matrix as shown in Eq.(6.68), the component 𝐶4  is the effective shear 
modulus. As predicted in Eq.(6.96), the theoretical prediction also has no relation with the 
stiffness ratio. The numerical results show that the influence of the stiffness ratio is relatively 
small (maximum influence from ~0.032 to ~0.035) compared to the influence of the angle 
(from ~0.007 to ~0.032). Both the theoretical and numerical results show the effective shear 
modulus decreases when angle increases. The theoretical and numerical results have better 
agreement when  1  2⁄  becomes larger.  
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Figure 6.18 The influence of stiffness ratio  1  2⁄  and angle 𝛼 on coupling stress factor 
(solid line represent theoretical predictions and marks represent FE simulation results) 
 
Fig.6.18 shows that from both the theoretical prediction and FE simulations, the coupling 
stress factor decreases when the stiffness ratio increases or when the angle decreases. The 
theoretical prediction and FE simulation shows better agreement for larger stiffness ratio. They 
have some differences for small stiffness ratio. These differences are due to the bending in the 
ribs. 
6.8  Modeling geometric nonlinearity for large deformation 
To explore the mechanical properties of a chiral cell with large deformation, considering 
geometric nonlinearity, the equation below is derived to relate the mechanical properties and 
the overall strain  to the geometric parameters as: 














































where, 𝛼𝑜 and 𝛽𝑜 are the initial values of 𝛼 and 𝛽 in the undeformed configuration. Since 
the mechanical properties such as the effective Young’s modulus and Poisson’s ratio derived 
in Eqs.(6.19), (6.22), (6.32) and (6.34) are all functions of 𝛼  and 𝛽 , these mechanical 
properties are all instantaneous. In this way, the instantaneous mechanical properties such as 
the effective Young’s modulus and Poisson’s ratio will change with 𝛼 or 𝛽 and with   or 
  as well.     
The mechanical properties under large deformation are quantified by solving the 
incremental form of the equations at each time step. The Poisson’s ratio and the stress 
component in y direction generated through the method in this section are compared with the 
FE simulation results of three chiral models with 𝛼 = 𝛽 = 90° and  1  2⁄ = 1, 100, 1000. 
The comparisons are shown in Fig.6.19.  
 
Figure 6.19 The curves of (a) stress component in y direction vs. overall strain in y direction 
and (b) Poisson’s ratio vs. overall strain in y direction for three models with different stiffness 
ratio (solid lines represent theoretical predictions and marks represent FE simulation results) 
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It shows that the analytical prediction is consistent with the FE results when the strain is 
less than ~10%. For large deformation, there are some differences between the analytical 
prediction and the FE results. This is due to the non-symmetric stress tensor of this chiral 
structure under large deformation (shown in Fig.6.9). Therefore, for large deformation, to 
accurately predict the mechanical properties, micropolar theory is necessary. 
6.9  Conclusion  
In summary, for the 2D chiral cells, the effective mechanical properties including the 
chirality-induced coupling effects were quantified via RRRS models, monoclinic model, 
micropolar model, and systematic FE simulations.  
One important parameter which is the internal rotation efficiency 𝑅𝑝/𝑎 for auxetic chiral 
structures was defined and characterized numerically. Predicted by a generalized rigid-rod-
rotational-spring model (RRRS), the Poisson’s ratio is shown to be linearly related to 𝑅𝑝/𝑎, 
and the linear relation is determined by the chiral geometry. Based on the RRRS model, 
mechanical properties such as effective Young’s modulus, Poisson’s ratio, coupling 
stress/strain factor were derived and characterized.  
To study the constitutive relation of the chiral structure, a four-fold symmetric chiral 
structure was chosen and both the micropolar theory and monoclinic model were used to model 
the mechanical properties of it. Based on the numerical results, the 2D chiral structure in this 
section has almost no scale effect and the stress tensor is symmetric within small deformation. 
Therefore, a stiffness matrix based on monoclinic model was characterized and all the closed-
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form expression for all components was derived based on the RRRS model. A systematic 
parameter study was performed via FE simulations which validate the models. The modeling 
results provide design guidelines to for this new family of chiral structures.  
Geometric nonlinearity for large deformation was also investigated through both analytical 
prediction and FE simulations. It shows good agreement upon 10% overall strain and 

















Chapter 7 3D Auxetic Chiral Mechanical Metamaterials 
7.1  Introduction 
Auxetic cellular solids of two dimensions have been widely studied in both theory and 
experiments. Compared with 2D designs, 3D auxetic cellular solids are not extensively 
explored due to the challenges in fabrication, experiments and modeling. Therefore, the 
research of 3D auxetic structures is still insufficient. With the advancement in recent material 
and manufacturing innovation, especially the rapid development of 3D printing technology, 
new tools which are not accessible before, are now ready for exploring 3D designs.   
For 3D auxetic open cell material, based on the geometry and different deformation 
mechanisms, there are two categories: achiral auxetic material and chiral auxetic material. In 
literature, achiral 3D auxetic open cell materials are dominant. For example, based on the bow-
tie shaped reentrant unit cell, Buckmann et al. [38] fabricated a 3D periodic auxetic cellular 
solids with 3D direct laser writing technology. Late on, Yang et al. [136-145] performed a 
series of deeper investigation on this 3D auxetic material.  Other 3D achiral auxetic cellular 
designs included a perforated material containing 3D voids [10, 35, 146, 147], 3D auxetic 
design with intersecting double arrowhead [148, 149], and designs with re-entrant hollow 




Figure 7.1 Some existing 3D achiral materials and structures. 
 
However, for the category of 3D chiral designs, only a few designs exist. For example, 3D 
cubic structures with rotating rigid prisms and pivot were proposed [11]. Fu et al. [81] designed 
a 3D cubic structures with rotating circles connected with linkages. Although neither the two 
designs [11, 81] are fully chiral. Ha et al. (2016) proposed a 3D cubic structures with solid 
cubes connected with ribs [151]. With the fully 3D chiral structure, the twist-stretch coupling 
is observed via numerical simulations. Late on, Frenzel et al. (2017) [152] also designed a 3D 
cubic chiral structure with rotating circular rings and linkages link to the corner of cubes and 
fabricated the 3D structures via 3D laser microprinting via the most advanced two photon 
technology. Both uniaxial compression and numerical analyses were conducted to show the 
Buckmann et al. (2012) Andreassen et al. (2014) Li et al. (2016)
Babaee et al. (2013)Shim et al. (2012)
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compression-twist coupling. Some of the 3D chiral auxetic materials and structures are shown 
in Fig.7.2. 
 
Figure 7.2 Some existing 3D chiral materials and structures. 
 
In this Chapter, we used spherical tiling [153, 154] to extend the 2D missing-rib type chiral 
unit cell to 3D chiral unit cells. Then, by periodically varying the handedness of 3D unit cells, 
3D periodic chiral and achiral designs will be developed. Multi-material design concepts are 
also introduced to further develop the 3D design from single material ones to multi-
phase/hybrid ones. Multi-material 3D printing is extensively used to fabricate the designs for 
mechanical experiments. An integrated theoretical, numerical and experimental methodology 
was developed to systematically quantify the mechanical properties and behavior of the designs.  
Milton (2013)Fu et al. (2017)
Ha et al. (2016)Frenzel et al. (2017)
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7.2  Conceptual design of 3D chiral cells 
From 2D to 3D unit cell. Based on a 2D chiral unit cell, a 3D unit cell is developed, as shown 
in Fig.7.3a. The 3D cell includes six faces with one 2D cell on each face. The handedness of 
each 2D chiral cell on each face is same, then the six faces are folded up into a 3D cell. Fig.7.3a, 
shows a counter-clockwise or left-handedness chiral cell, and Fig.7.3b shows the 
corresponding 3D cell. 
 
Figure 7.3 The unit cell of new 3D auxetic chiral mechanical metamaterials in left-
handedness: (a) the 2D un-folded chiral cells, (b) the folded 3D chiral cell, and (c) the colored 
3D cell. 
 
The same strategy can be used to form a clock-wise or so-called right-handedness 3D chiral 



















shown in Fig.7.4a. The six 2D cells are then folded into a 3D right-handed 3D chiral cell 
(Figs.7.4b and 7.4c). 
 
Figure 7.4 The unit cell of new 3D auxetic chiral mechanical metamaterials in right-
handedness: (a) the 2D un-folded chiral cells, (b) the folded 3D chiral cell, and (c) the colored 
3D cell. 
 
Similar strategy can be used to develop more complicated 3D geometry via spherical tiling 
method [153, 154]. In mathematics, a spherical tiling (spherical polyhedron) is a tiling of the 
sphere in which the surface is partitioned by great arcs into bounded regions called spherical 
polygons. Based on this method, many symmetrical polyhedra can be derived.  
By using spherical tiling, a family of 3D chiral cell can be developed, instead of exhausting 
all possible designs, one example design is shown in Fig.7.5 to design a 3.4.4.4 spherical tiling 



















‘3.4.4.4’ represents that in the spherical tiling, for every vertex, it connects four polygons with 
the order of triangle (3 edges), quadrangle (4 edges), quadrangle (4 edges), and quadrangle (4 
edges) in either clockwise or counter-clockwise directions. The unfolded 2D chiral cell net is 
shown in Fig.7.5a. It worth noticing that instead of chiral structure with square cells, there are 
also some chiral structures with triangle cells. The folded 3D chiral cell with 3.4.4.4 spherical 
tiling is shown in Fig.7.5c with the same color in Fig.7.5b to represent different polygons in 
this tiling. Therefore, in this way, combined with the spherical tiling, there are numerous 3D 
chiral cells can be created. In this chapter, we will focus on the cubic cells shown in Figs.7.3 
and 7.4.  
 
Figure 7.5 The unit cell of 3D auxetic chiral mechanical metamaterials with 3.4.4.4 spherical 
tiling in left-handedness: (a) the 2D un-folded chiral cells, (b) the 3.4.4.4 spherical tiling, and 










Connecting unit cells. Real 3D models for left and tight-handed chiral unit cells are shown in 
Figs.7.6a and 7.6b, respectively. Since there are two types of handedness of the 3D chiral units, 
two types of connection of two neighboring unit cells are proposed to generate a full 3D chiral 
structures: (1) as shown in Figs.7.6c and 7.6d, the 3D structure is composed of either all left or 
all right handed 3D chiral units with the neighboring 3D chiral units have the same handedness 
and (2) as shown in Figs.7.6e and 7.6f, the 3D structure is composed of alternating left and 
right handedness 3D chiral units with the neighboring 3D chiral units having opposite 
handedness. For both types, the two 3D unit cells are connected through four points of the side 
plane (top, bottom, left and right) as shown as the red short line in Figs.7.6c and 7.6e. Real 3D 
models for these two arrangements are shown in Figs.7.6d and 7.6f. The first type will generate 





Figure 7.6 Real 3D models of 3D chiral unit cell with (a) left-handedness and (b) right-
handedness. Two arrangements to generate (c) 3D chiral structures and (e) 3D achiral 
structures. Real 3D models of (d) 3D chiral structures and (f) 3D achiral structures. 
7.3  Prototyping through 3D printing 
A hybrid design. To generate a full hybrid 3D chiral structure, a 3D left-handed chiral unit 
cell with connecting blocks are shown in Fig.7.7. The unit cell has dimensions with rib length 
𝑎, the thickness of ribs in both in-plane and out-plane direction 𝑡, the angle of ribs 𝛼, and the 










a hybrid (two-phase) design is used. The major part of the ribs is one hard material with 
stiffness  1 (light grey part in Fig.7.7). The hinges part which connects two neighboring ribs 
is a softer material with stiffness  2 (dark grey part in Fig.7.7). 
 
Figure 7.7 Real 3D chiral unit cell with connecter and soft hinges. 
 
Two deformation mechanisms. When the full 3D chiral structure is generated with the 3D 
chiral unit cell shown in Fig.7.7 and with the two different types of connections shown in 
Fig.7.6, there will be two different overall deformation mechanisms. The schematic drawing 









Figure 7.8 Schematic drawing of (a) coupled overall twist effect and (b) fully 3D negative 
Poisson’s ratio effect under uniaxial loading. 
 
For the 3D chiral design, when it is under a uniaxial loading (uniaxial compression in z 
direction is shown in Fig.7.8), depending the constraints in the lateral direction, there will be 
two different deformation mechanisms: (I) if the cell is free laterally, the cell will twist about 
the axis of uniaxial loading, as shown in Fig.7.6a; (II) if the twisting degree of freedom is 
constrained, the cell will shrink/expand laterally under uniaxial compression/tension, showing 
a negative Poisson’s ratio effect, as shown in Fig.7.8b.  
For mechanism (I), the 2D chiral cell on each face of the cube is under uniaxial loading 
with no constraints in shearing. As mentioned in Chapter 3.5, due to chirality-induced coupling 
effect, this loading will arise a shearing deformation in each face of the 3D cube. This shearing 









Fig.7.8a. The rotations of the top and bottom surfaces are in opposite directions (blue arrows 
in Fig.7.8a, right). Thus, an overall twist of the 3D chiral cell about the axis of uniaxial loading 
is generated.  
For mechanism (II), under a uniaxial loading, the 2D chiral cell on each face of the cube 
is also under uniaxial loading. Due to the lateral constraints, similar to those in Chapter 3.3, the 
2D cell on each face will shrink/expand under uniaxial compression/tension, showing an 
auxetic effect. Due to the shared edges, the top and bottom faces will also shrink. Thus, an 
overall 3D auxetic effect is shown.  
Specimen design. To explore the two deformation mechanisms, two types of specimens are 
designed. One is a 3D periodic chiral specimen composed of 3D chiral unit cells with the same 
handedness, as shown in Fig.7.9a.; the other is a 3D periodic achiral specimen composed of 
3D chiral unit cells with alternating handedness, as shown in Fig.7.9b. Due to the consistent 
handedness of each unit cell, the first design will show an overall chirality, so it is called a 
chiral specimen. While for the second design, although each unit cell is chiral, due to the 
alternating handedness of the unit cells, the twisting degree of freedom of each cell is 
constrained by neighboring cells (since the neighboring cells tends to twist in opposite 
directions), thus, the overall chirality is cancelled. So, we call the second design an achiral 
specimen. 
It is expected that the first design will follow the deformation mechanism (I) and the second 
design will follow the deformation mechanism (II). Therefore, the first chiral design is for 
169 
 
studying the coupled twisting, and the second achiral design is for studying the overall 3D 
auxetic effects.  
The design of the 3D chiral specimen is shown in Fig.7.9a, which is composed of 
 ×  × 2  3D chiral unit cells.   is the number of 3D unit cells in one direction.  = 2 is 
used for this specimen. Later on, for parametric study, we will vary N to explore the scaling 
effect. The design of the 3D achiral specimen is shown in Fig.7.9b. To investigate the fully 3D 
auxetic effect, a set with  ×  ×   3D unit cells are generated and  = 2. The geometric 
parameters in the 3D unit cells are 𝑎 = 7.0711𝑚𝑚, 𝑡 = 2  ,  = 21  , and 𝛼 = 90°, 
where a is the rib length in each cell, t is the rib thickness, A is the edge length of each cell, and 
𝛼 is the angle between two neighboring ribs. Therefore, the total dimensions of the two types 
of specimens are 2 × 2 × 4  ( 42 × 42 ×  4  )  and 2 × 2 × 2  ( 42 × 42 ×





Figure 7.9 Two types of specimens of (a) 3D chiral structure with 2 × 2 × 4 3D unit cells 
and (b) 3D achiral structure with 2 × 2 × 2 3D unit cells. 
 
For both chiral and achiral designs, soft hinges are designed in each unit cells, as shown in 
Fig.7.9. The specimens were then fabricated via a multi-material 3D printer (Objet Connex 
260). To generate different stiffness ratio for rib material and the material in the soft hinges, 
for each type of design, three pairs of material combinations were explored: 
DM9760+DM9760; VeroWhite+DM9760; VeroWhite+TangoBlackPlus. The VeroWhite, 
DM9760, and TangoBlackPlus are materials from the 3D printer, and the stiffness of 
VeroWhite is larger than that of DM9760. The stiffness of TangoBlackPlus is the softest 
material in the 3D printer. 
(a) (b)
3D chiral 3D achiral












To allow fully curing, all 3D printed specimens were tested 24 hours after printing under 
room temperature. Specimens 1-3 are 3D chiral design: Specimen 1 is printed as single material 
DM9760 (the digital material in the 3D printer with stiffness ~2.75MPa); Specimen 2 is printed 
with two materials, in which the ribs are printed as VeroWhite (acrylic polymer with Young’s 
modulus  = 2GPa, the Poisson’s ratio 𝑣 = 0.35) and the soft corner hinges are printed as 
DM9760; Specimen 3 was printed with ribs of VeroWhite and soft hinges of TangoBlackPlus 
(rubbery material in the 3D printer and is softer than DM9760 with stiffness ~0.78MPa). 
Specimens 4-6 are 3D achiral design, the material in Specimen 4 is the same as that in Specimen 
1; the materials used in Specimen 5 are the same as those in Specimen 2; and the materials used 
in Specimen 6 are the same as those in Specimen 3. 
7.4  Mechanical experiments and FE simulations on 3D chiral specimens 
Mechanical experiments. Uni-axial compression experiments and FE simulations on the 
experiments were performed for all six specimens. The mechanical experiments on the 3D 
printed specimens were performed under quasi-static (with overall strain rate 10−3 per second) 
uniaxial compression. The experiments were conducted on a Zwick/Roell material testing 
machine (ZwickiLine) with two compression disks. For 3D chiral specimens, to better 
investigate the overall twist, the top and bottom faces were attached with two disks with 60 




Figure 7.10 The 3D model of (a) specimen of 3D chiral structure with attached disks on both 
top and bottom surface, (b) top disk with sphere, and (c) degree indicator disk with concave 
button. 
 
The bottom compression disk of the testing machine is attached with sand paper to 
constrain the bottom surface of the specimen from sliding and rotation. To create a freely 
rotation condition for the top surface of the specimen, a button with the shape of a partial sphere 
with 1.3mm in height and 2mm in radius is designed and attached to the centre of the top 
surface of the specimen, as shown in Fig.7.10b. Another 3D printed disk in fixed on the top 
compression disk as shown in Fig.7.10c. This 3D printed disk has the diameter of 100mm. At 
the centre of the disk, this is a cylindrical button with a spherical concave surface with 2.2mm 
radius.  
Thus, a point contact between the top surface of the specimen and the compression disk is 






of the specimen, a printed circular degree metric with one-degree precision is attached to the 
outer circle of the disk shown in Fig.7.10c. To read the rotation degree of freedom during the 
experiments, a needle is attached on the top surface of the specimen as an indicator. Therefore, 
during the experiments, the needle will rotate with the top surface of the specimen and sweep 
on the metric. Thus, the rotation degree can be measured. 
FE simulations. FE simulations of the compression experiments on the three 3D chiral 
specimens were performed in ABAQUS/STANDARD V6.13. 3D tetrahedral element (C3D10) 
were used and the accuracy was verified by mesh refinement study. We will focus on small 
deformation of the specimens in this chapter. Thus, for VeroWhite, linear elastic material 
model with Young’s modulus E=2GPa, the Poisson’s ratio v=0.35, was used (measured from 
standard dogbone tests) [21, 22]. For DM9760, linear elastic material model with Young’s 
modulus E=2.75Mpa, the Poisson’s ratio v=0.45, was used. For Tango+, linear elastic material 
model with Young’s modulus E=0.7 Mpa, the Poisson’s ratio v=0.45, was used.  
The bottom surfaces of the FE models were fixed, and a prescribed displacement was 
applied on the top surface. The top surface is free for in-plane sliding. The experimental and 
FE results of the three specimens are shown in Figs.7.11a, 7.11b and 7.11c, respectively. All 
specimens showed overall twist so that the needle attached to the top surface of specimen rotate 
and sweep the degree metric. The deformed configuration and the FE contours of the magnitude 




Figure 7.11 Experimental and FE results: snap-shots of the deformed configurations at 
different overall strains of (a) Specimen1; (b) Specimen 2; and (c) Specimen 3. 
 
Results. The twist of the top surface of specimens vs. overall strain along z direction is plotted 
in Fig.7.12. It shows that the twist of the top surface increases when overall strain increases. 
The slope of Specimen 3 is the largest, followed by specimen 2, and then Specimen 1. The 
experiment results are consistent with FE simulation results. For Specimen 2 and Specimen 3, 
the experimental results are larger than FE simulation results. This is probably because of the 
potential damage inside the specimens during the supporting material cleaning process, which 
reduces the constraints between the unit cells. For Specimen 1, when the overall strain increases 
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beyond ~3%, the experimental results become smaller than FE results. This is due to the 
damage caused by local instability. 
 
Figure 7.12 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of twist vs. overall strain for all three 3D chiral specimens 
 
The force vs. displacement curves are plotted in Fig.7.13, the slope of Specimen 2 is the 
largest, followed by that of Specimen 3 and that of Specimen 1 is the smallest. The FE results 
are very consistent with experimental results. The experiment results of all three specimens are 
slightly smaller than FE results due to the damage generated during the cleaning process after 
printing.  
























Figure 7.13 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of force vs. displacement for all three 3D chiral specimens 
7.5  Mechanical experiments and FE simulations on 3D achiral specimens 
For the 3D achiral specimens, to reduce the fraction, Teflon papers were attached on the 
compression disks of the material testing machine. FE simulations of the compression 
experiments on the three 3D achiral specimens were performed in ABAQUS/STANDARD 
V6.13. 3D tetrahedral element (C3D10) were used and the accuracy was verified by mesh 
refinement study. Both the bottom and top surfaces of the FE models were free to slide. One 
point of the bottom surface is fixed to prevent rigid body motion. The out of plane displacement 
of the bottom surface is fixed and a prescribed displacement was applied on the top surface.  
The experimental and FE results of the three specimens are shown in Figs.7.14a, 7.14b and 
7.14c, respectively. All specimens showed auxetic effect that the specimens shrink in the lateral 
direction when vertically compressed. The deformed configuration and the FE contours of the 
maximum principal in-plane strain for the three specimens are also shown in Fig.7.14. The 





















experimental deformed configuration and FE contours match well. For Specimens 5 and 6, the 
strain is localized in the soft hinges. 
 
Figure 7.14 Experimental and FE results: snap-shots of the deformed configurations at 
different overall strains of (a) Specimen4; (b) Specimen 5; and (c) Specimen 6. 
 
The Poisson’s ratio vs. the overall strain curves are plotted in Fig.7.15. It shows that the 
Poisson’s ratio remains constant during the deformation for all three specimens. The Poisson’s 
ratio of Specimen 4 is ~-0.11, Specimen 5 is ~-0.4, and Specimen 6 is ~-0.45. This indicates 
that when the stiffness ratio between the ribs and soft hinges increases, the Poisson’s ratio will 
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decrease. The FE results show very good agreement with experimental simulations. The 
experimental results are slightly higher than the FE results. This difference is due to the 
imperfection of the specimens during fabrication and cleaning process.  
 
Figure 7.15 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of Poisson’s ratio vs. overall strain for all three 3D achiral specimens 
 
The force vs. displacement curves are plotted in Fig.7.16. The slope of Specimen 5 is the 
largest, followed by those of Specimen 6 and Specimen 4. The FE results are consistent with 
experimental results. The experiment results of all three specimens are smaller than FE results. 
This is because of the damage generated during cleaning process. 






















Figure 7.16 Experimental and FE results (lines represent FE results and symbols represent 
experimental results) of force vs. displacement for all three 3D achiral specimens 
7.6  Study on the size effect of the 3D chiral and achiral designs 
For 2D chiral cells, no noticeable size effects were observed. However, due to the twisting, 
the size effect of 3D chiral cells is expected to be much larger. To investigate the size effect of 
both 3D chiral and 3D achiral designs, four FE models of 3D chiral design with  ×  × 2  
cells were developed. The four models are with  =1, 2, 3, and 4, respectively. For all four 
models, the same geometry parameters of 3D unit cells in Chapter 7.3 are used. The models 
are shown in Fig.7.17a. Therefore, the total number of 3D unit cells in the models are 2, 16, 54, 
and 128 for  =1, 2, 3, and 4 models.  





















Figure 7.17 FE models of (a) 3D chiral structure for  = 1, 2, 3, an  4, respectively; and (b) 
3D achiral structure for  = 2, 3, an  4, respectively. 
 
Also, three FE models of 3D achiral design with  ×  ×   unit cells were developed. 
The three FE models are with  =1, 2, and 3, respectively. The same geometric parameters of 
3D unit cells in Chapter 7.3 are shown in Fig.7.17b. Therefore, the total number of 3D unit 
cells in the models are 8, 27, and 64, for  =1, 2, and 3, respectively. 
Those models were single material models, and the material in the ribs was modeled as 
linear elastic isotropic material with Young’s modulus E=2.75MPa and the Poisson’s ratio 
v=0.45. The boundary conditions of the FE models were the same as those in Chapter 7.4. The 
𝑁 = 1 𝑁 = 2 𝑁 = 3 𝑁 = 4







bottom surface of each FE model was fixed, and a prescribed displacement was applied on the 
top surface. The top surface was free of in-plane sliding.  
The curves of the twist angle of the top surface per 1% overall strain are output as functions 
of N. The results are shown in Fig.7.18a. It shows that for 3D chiral designs, size effect exists. 
For 𝑁 = 1 case, the twist angle per 1% axial strain is ~2.2 degrees per %; when 𝑁 increases, 
the twist angle decreases. For 𝑁 = 4, the twist angle per 1% axial strain decreases to ~1.25 
degrees per %. This size effect is due to the interaction between the cells: when 𝑁 increases, 
each cell will be more constrained by the neighbouring cells, as decreases the twisting of each 
cell. Thus, when 𝑁 increases, the overall twist decreases.  
For each N, the effective Young’s modulus     in z direction is output and shown in 
Fig.7.18b. A strong size effect in     is also observed for 3D chiral designs: when 𝑁 = 1,     
is ~5800 Pa; when 𝑁 increases,     increases; when 𝑁 = 4,     increases to ~7900 Pa. This 




Figure 7.18 The overall twist per % axial strain vs. N; and (b) the effective Young’s modulus 
    in z direction vs. N for the 3D chiral designs. 
 
The red dash line in Fig.7.18a represents the upper limit of the twist angle per 1% axial 
strain. This upper limit was derived based on the assumption of no cell interaction as the 
following.  
Derivation of the upper limit of the twist. As shown in Fig.7.19, in the x-z plane, according 
to Eq.(6.56), the ratio between the shear strain    and axial strain   is, 






 ,  (7.1) 
where, 𝐻 is the height of the 3D chiral solids. 𝛿  is the displacement of the top edge in x direction 
and 𝛿  is the displacement of the top edge in z direction. 














































Figure 7.19 The schematic drawings of twist-compression coupling effect. 
 
In the x-y plane as shown in Fig.7.19, under small deformation, the twist angle 𝜙 can be 
expressed as, 
 𝜙 = 𝛿 /( 2⁄ ) ,  (7.2) 
where,   is the edge length of the top square face, as shown in Fig.7.19. According to Eqs. 
(7.1) and (7.2), the twist per axial strain can be derived as, 






 .  (7.3) 
Cell interactions. As shown in Fig.7.20, for 𝑁 = 2 case, the FE stress contours of the 3D 
structure and several cross-sections of the 3D chiral solids were output from the FE simulations 















Figure 7.20 The FE stresses contours of (a) the overall structure, (b) side surface A (parallel 
to the y-z plane of one outer surface of the model) and the corresponding parallel cross-
section A’, and (c) top (B5) and bottom (B1) surfaces (parallel to the x-y plane), and the 
corresponding parallel cross-sections B2, B3, and B4; The schematics of the local in-plane 
shear stresses and torques in (d) y-z cross-section and (e) x-y cross-section. 
 
As shown in Fig.7.20b, on the side surface A (parallel to the y-z planes at the boundary), 
there is no stress. While on the corresponding parallel inner cross-section A’, in-plane shear 
stresses are dominant stress components. The stress contours of the connection parts between 
cells on surface A’ are zoomed in Fig.7.20b, which indicates that the in-plane shear stresses are 
located at the connection parts.  
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Fig.7.20b shows the y-z surfaces/cross-sections have in-plane shear deformation (shear to 
the left). Due to equilibrium, the overall in-plane stresses and in-plane torque should be zero 
on each y-z surfaces and cross-sections. However, due to the interaction between neighboring 
cells, there are in-plane shear stresses localized in the parts (V connections as shown in 
Fig.7.20b) vertically connecting neighboring cells on plane A’ (but not on A). It worth noting 
that the overall in-plane shear deformation of the y-z surfaces and cross-sections are mainly 
due to the deformation and rotation of the parts vertically connecting neighboring cells, while 
the parts (H connections as shown in Fig.7.20b) horizontally connecting neighboring cells 
barely deform. This localized shear stress distribution generates local in-plane torques. As 
shown Fig.7.20d, these shear-induced in-plane torques are balanced by the in-plane torque 
generated via the in-plane shear stresses near the boundaries of the surfaces/cross-sections.  
As shown in Fig.7.20c, for the top and bottom surfaces, the shear stress contours were 
output from several cross-sections (B1 to B5). They show that the x-y cross-sections rotate 
clock-wise gradually from bottom to top. Since the top surface is free to slide, the overall shear 
stress on each cross-section is zero, although local shear is localized in the connecting part, as 
illustrated in Fig.7.20e.  
Fig.7.20c shows the x-y cross-sections rotate clock-wise from bottom to top. Due to 
equilibrium, the overall in-plane stresses and in-plane torque should be zero on each x-y 
surfaces and cross-sections. However, due to the interaction between neighboring cells, there 
are in-plane shear stresses localized in the parts connecting neighboring cells on plane B1, B2, 
B3, and B4 (but not on B5). This localized shear stress distribution generates local in-plane 
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torques. As shown Fig.7.20e, these shear-induced in-plane torques are balanced by the in-plane 
torque generated via the in-plane shear stresses near the boundaries of the surfaces/cross-
sections.  
For the 3D achiral designs, the boundary conditions were also the same as those in Chapter 
7.4, in which, both the bottom and top surfaces of the FE models were free of in-plane sliding. 
One point of the bottom surface was fixed to prevent rigid body motion. The out of plane 
displacement of the bottom surface was fixed and a prescribed displacement was applied on 
the top surface. To exclude the boundary effects, FE simulations with 3D periodic boundary 
conditions were also performed. The effective Poisson’s ratio vs. the scale factor N of the 3D 
achiral cells are plotted in Fig.7.21a.  
 
Figure 7.21 (a) The Poisson’s ratio vs. N for 3D achiral designs, and (b) the effective 







































Fig.7.21 shows that when 𝑁 increases, when the boundaries are free, the Poisson’s ratio 
decreases (from ~-0.11 to ~-0.15, as shown in Fig.7.21a), and the effective stiffness along z 
direction slightly increases (Fig.7.21b). While under periodic boundary conditions (PBCs), 
both the Poisson’s ratio and     are independent of N. For the cases with PBCs, the Poisson’s 
ratio is constant (~-0.18) and     is also a constant (~7400Pa). 
To summarize, for the 3D chiral designs, size effect exists; while for the 3D achiral design, 
there is no size effect but boundary effects. To investigate the constitutive relation of the 3D 
chiral design, micropolar theory is needed to capture the scale effect in the design. 
7.7  Stiffness ratio of 3D chiral and achiral structures 
As discussed in Chapter 6.7, the stiffness ratio between the hard ribs and soft hinges of 2D 
chiral structure will influence the coupling strain and significantly changes the Poisson’s ratio. 
The influences of the stiffness ratio on the coupled twist and the Poisson’s ratio of the 3D 
designs will be investigated in this section. FE models of both 3D chiral and 3D achiral designs 
were developed with different stiffness ratios  1  2⁄ =1, 10, 100, and 1000. The geometric 
parameters of 3D cells were the same as those in Chapter 7.3, as shown in Fig.7.17a.  
To achieve the four different stiffness ratios chosen, the stiffness of the rib material was 
kept the same with  ℎ = 2000 Pa, and the stiffness of the hinge material changes as  𝑠 =2, 
20, 200, and 2000 MPa. For 3D chiral designs, 𝑁 × 𝑁 × 2𝑁 cells with 𝑁 = 2 were modeled, 
and for the 3D achiral designs, 𝑁 × 𝑁 × 𝑁 cells with 𝑁 = 2 were modeled.  
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For the 3D chiral designs, the boundary conditions of the FE models were the same as 
those used in Chapter 7.4 and 7.5, in which the bottom surface of the FE models was fixed, and 
a prescribed displacement was applied on the top surface. The top surface was free of in-plane 
sliding. The twist angles of the top surface at 1% overall strain vs. the stiffness ratios were 
output from the FE simulations, as shown in Fig.7.22a.  
 
Figure 7.22 (a) The overall twist angle per axial strain vs. the stiffness ratio, and (b) the 
effective Young’s modulus vs. the stiffness ratio for the 3D chiral designs. 
 
It shows that for the 3D chiral designs, when the stiffness ratio  1  2⁄  increases, the 
coupling twist increases. For the range of  1  2⁄  from 1 to 1000, the twist/axial strain changes 
from ~1.8 to ~2.5 degrees per %. The influence of the stiffness ratio on the twist is relatively 






























































It worth noticing that the trend of the coupling twist of 3D chiral designs is opposite to that 
of the coupling strain of the 2D chiral cells (Fig.6.16), in which, when  1  2⁄  increases, the 
coupling strain decreases. This difference is because that for the 3D chiral designs, when the 
hinges become softer, the constraints between the neighbouring surfaces reduce, then the twist 
increases. While for the 2D chiral designs, when the hinges become stiffer, the ribs tend to 
bend more, which makes the cells rotate more; therefore, the coupled shear deformation 
increases.   
For each FE model, the effective Young’s modulus vs. stiffness ratio was also output from 
the simulations, as shown in Fig.7.22b. It shows that when the stiffness ratio  1  2⁄  increases, 
    decreases. In the range of  1  2⁄  changing from 1 to 1000,     changes from ~5 MPa to 
~0.05 MPa. 
For the 3D achiral designs, two set of boundary conditions were applied to the FE models, 
one was same as that in Chapter 7.4, i.e. both the bottom and the top surfaces of the FE models 
were free of in-plane sliding. One point of the bottom surface was fixed to prevent rigid body 
motion. The out of plane displacement of the bottom surface was fixed and a prescribed 
displacement was applied on the top surface. For comparison, another boundary condition with 
fully 3D periodic boundary conditions was applied to all edges and faces of the 3D FE models. 




Figure 7.23 (a) The effective Poisson’s ratio vs. the stiffness ratio, and (b) the effective 
Young’s modulus in z direction vs. the stiffness ratio for the 3D achiral designs. 
 
Fig.7.23a shows that the stiffness ratio has large influences on the effective Poisson’s ratio. 
The Poisson’s ratio decreases when the stiffness ratio increases. In the range of stiffness ratio 
changing from 1 to 1000, the effective Poisson’s ratio decreases from ~-0.11 to ~-0.41 for the 
first boundary condition and decreases from ~-0.18 to ~-0.43 for the 3D periodic boundary 
conditions. The differences between the results of the two boundary conditions become smaller 
when the stiffness ratio increases.  
The results of effective Young’s modulus vs. stiffness ratio were also output from the FE 
simulations, as shown in Fig.7.23b. It shows that when the stiffness ratio  1  2⁄  increases,     
decreases. In the range of  1  2⁄  changing from 1 to 1000, the effective Young’s modulus 




















































7.8  The effects of angle 𝜶 on the 3D chiral design 
As mentioned before, the stiffness ratio between the ribs and the hinges influences the 
effective Poisson’s ratio in a relatively large range and influences the overall twist coupling in 
a smaller range. To find a parameter which can be used to tailor the overall coupled twist in a 
wider range, the influences of the angle 𝛼 on the mechanical behavior of the 3D chiral designs 
will be explored in this section. To investigate how the rib angle will influence the overall twist, 
four FE models of both 3D chiral design and 3D achiral design with different rib angle 𝛼 were 




Figure 7.24 3D FE models for chiral and achiral designs with different rib angles. 
 
For the 3D chiral design, 𝑁 × 𝑁 × 2𝑁 cells with  = 2 were included. The materials in 
the ribs and soft hinges were modeled as linear elastic, isotropic material with Young’s 
modulus E=2.75Mpa and the Poisson’s ratio v=0.45. The boundary conditions of the FE models 
were the same as those in Chapter 7.4 and 7.5: the bottom surface of the FE models was fixed, 
and a prescribed displacement was applied on the top surface. The top surface was free of in-
plane sliding. The twist/axial strain vs. rib angle was output based on the twist angle of the top 
surface at 1% overall strain. The results are shown in Fig.7.25a.  
𝛼 =  0° 𝛼 = 90° 𝛼 = 120° 𝛼 = 150°
3D chiral
3D achiral




Figure 7.25 (a) The overall twist per axial strain vs. rib angle and (b) the effective Young’s 
modulus vs. rib angle for 3D chiral structure. 
 
Fig.7.25a shows that for the 3D chiral designs, the rib angle significantly influences the 
coupled twist. By varying the rib angle from 𝛼 =  0° to 150°, the twist/axial strain changes 
from ~1.6 to ~7.3 degrees per %. Compared with the influences of the stiffness ratio which 
only increases the twist/axial strain from ~1.8 to ~2.5 degrees per %, when the ratio changes 
from 1-1000, the influences of the rib angle are much larger. These results are consistent with 
the 2D chiral case in Chapter 6.7 in which the stiffness ratio has much less influences than 
those of the rib angle.  
The results of the effective Young’s modulus along z direction vs. the rib angle were also 
output from the FE simulations, as shown in Fig.7.25b. It shows that when the rib angle 




















































increases, the Young’s modulus increases. For the range of 𝛼  from  0°  to 150° , the 
effective Young’s modulus changes from ~7200 Pa to ~1 500 Pa. 
For the 3D achiral designs, 𝑁 × 𝑁 ×𝑁 cells with 𝑁 = 2 were included. The materials 
in the ribs and soft hinges were modeled as linear elastic, isotropic material with Young’s 
modulus E=2.75MPa and the Poisson’s ratio v=0.45. 3D periodic boundary conditions were 
applied to all edges and faces of the FE models. The results of the effective Poisson’s ratio vs. 
the stiffness ratio are plotted in Fig.7.26a.  
 
Figure 7.26 (a) The effective Poisson’s ratio vs. the rib angle, and (b) the effective Young’s 
modulus in z direction vs. rib angles for the 3D achiral designs. 
 
Fig.7.26a shows that the rib angles have relatively smaller influence on the effective 
Poisson’s ratio than the stiffness ratio. When the rib angle increases, the effective Poisson’s 
ratio only slightly increases. For the range of rib angle from  0° to 150° , the effective 
Poisson’s ratio increases from ~-0.19 to ~-0.11.  
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The results of the effective Young’s modulus vs. the stiffness ratio were also output from 
the FE simulations, as shown in Fig.7.26b. It shows that when the rib angle increases, 
    increases. For the range of rib angle from  0° to 150°,     changes from ~7500 Pa to 
~22000 Pa. 
7.9  Conclusion 
In summary, 3D chiral unit cell is developed by using spherical tiling of 2D chiral cells. 
By changing the connection and the handedness of the cells, two types of 3D periodic were 
established: the 3D chiral design and the 3D achiral design. The two types of designs have two 
different deformation mechanisms: the 3D chiral design shows an overall twisting about the 
loading direction when loaded uniaxially; while for the 3D achiral design, an overall negative 
Poisson’s ratio effect is observed.  
The two deformation mechanisms of the two types of designs are then thoroughly 
investigated via mechanical experiments of 3D printed prototypes and FE simulations. It shows 
the results of the mechanical experiments and FE simulations are consistent. Further parametric 
studies were conducted through systematic FE simulations. The scale effects, boundary effects, 
and the influences of the stiffness ratio of the two materials and the rib angle 𝛼 on the overall 
mechanical properties and behaviors of both 3D designs were explored. 
The results show that for the 3D chiral design, there is a scale effect, but for the 3D achiral 
structure there is no scale effect. Both the stiffness ratio and rib angle influence the overall 
twist of the chiral design. Generally, when the stiffness ratio increases and the angle 𝛼 
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increases, the overall twist will increase. The rib angle has much larger influence on the twist. 
The stiffness ratio will also influence the Poisson’s ratio for the 3D achiral design. By 


















Chapter 8 Conclusions and Future work 
8.1  Overall contributions 
In summary, the contributions of this thesis are three-fold:  
(I) From the perspective of designs, through innovative 2D and 3D design, a family of 
auxetic chiral cellular solids were developed systematically. Therefore, the database 
for the designs of this category of material is significantly expanded which enables 
discovery of new mechanical properties and behaviors, and also provide new 
materials for developing advanced constitutive models either within classic 
continuum theory or beyond.  
(II) From the perspective of fabrication and mechanical experiments, multi-material 3D 
printing was extensively used to fabricate hybrid designs for mechanical 
experiments for both proof of concept and model validation. Novel experiments 
were designed and conducted, including the new bi-axial compression test, and the 
coupled compression-twist experiments on 3D chiral designs. These new 
experimental contributions can potentially be applied to other materials as well.  
(III) From the modeling perspective, both sophisticated structural model and advanced 
continuum models such as monoclinic material model and micropolar theory were 
used to explore interesting mechanical properties and behaviors of the new designs. 
A lot of these properties are unique for the new materials designed and generated a 
need for advancing the continuum theory. An integrated theoretical, numerical and 
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experimental methodology was developed to not only develop necessary models 
but also characterize model parameters and validate the modeling results via 
systematic numerical simulations and mechanical experiments.  
8.2  Specific conclusions 
Specific conclusions are also summarized as the following: 
In Chapter 2, micro-instability of the re-entrant and chiral auxetic cells were investigated. 
The auxetic effect and limiting strain to preserve the auxetic effect were derived and compared. 
It showed the chiral cells have larger design space than the re-entrant ones to preserve the 
auxetic effect under finite compressive deformation.  
In Chapters 3 and 4, by utilizing the concept of chirality-induced rotation, new hybrid chiral 
cells were designed with tunable auxetic core geometries. Through both mechanical 
experiments on 3D printed specimens and numerical simulations, the new designs showed a 
unique sequential cell opening mechanism which can have potential application in sequential 
particle release and color change for camouflage.  
In Chapter 5, a new bi-axial compression apparatus was designed, which can be used to 
perform bi-axial compression on a uniaxial material testing machine. One unique feature of the 
apparatus is that by simply varying the mounting angle, various bi-axial displacement ratio can 
be achieved. Through this new experimental set up, the mechanical behavior of the auxetic 
chiral cells under bi-axial compression can be systematically quantified. Also, by using this 
new experimental set-up, a unique rotation-induced pattern transformation was explored for 
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square lattices. The pattern transformation can be triggered by either instability under bi-axial 
compression or the shape memory effects of the materials.  
In Chapter 6, the effective mechanical properties and constitutive relation of the 2D chiral 
cell were derived by using both monoclinic material model and micropolar theory for small 
deformation. Also, based on the structural RRRS model, the effective properties of the 2D 
chiral cells can be explicitly related to the geometry and material combination of the designs. 
Through analysis of geometric non-linearity, it was found that although monoclinic model is 
good enough to quantify the effective elastic constitutive relation of 2D chiral cells under small 
deformation, for large deformation, micropolar theory is needed. 
In Chapter 7, a new hybrid 3D chiral unit cell was developed via the concept of spherical 
tiling of 2D chiral unit cells. By periodically varying the handedness of the 3D unit cells, 3D 
hybrid periodic chiral and achiral cellular solids were designed. The two designs showed two 
different deformation mechanisms: coupled compression and twist; and fully 3D auxetic effects. 
It showed that for the chiral designs, both the rib angle and the stiffness ratio the two materials 
in the designs can influence the coupling effects. Also, the 3D chiral designs showed a strong 
scale effect, while the achiral designs have no scaling effect. 
8.3  Future work 
From macro scale to micro/nano scale. In the future, the design, experimental and modeling 
framework developed in this thesis for macro-scale materials can be extended to micro/nano 
scale. Also, some of the new design concepts developed in this thesis, which were proved 
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through macro-scale 3D/4D printing, can be applied for developing micro/nano architecture 
materials for real engineering applications. The advanced modeling technology can be used in 
micro/nano scale. The size effects can be further explored. 
From uniformity to functionally gradation. So far, all designs are periodic and uniform, 
which is beneficial to provide fundamental understanding of the material behavior. In the future, 
the comprehensive design guidelines will be used to design functionally graded 2D and 3D 
auxetic chiral cellular solids for more advanced properties and applications.   
From mechanical function to multi-function. It is known that auxetic and/or chiral 
mechanical metamaterials potentially have many other functionalities beyond mechanical ones, 
such as, unique wave propagation properties, acoustic and optical properties, and thermal and 
electric-magnetic properties.  
From static to dynamic studies. The static mechanical properties behaviors of the designs are 
the focus of this thesis. In the future, the dynamic mechanical properties and behaviors of the 
designs developed in this thesis can be extensively studied. For example, ball drop test and 
drop tower tests can be performed to further evaluate the dynamic response of the materials 
and further explore the role of auxeticity and chirality in improving the load bearing capacity 
of the materials under dynamic loadings. 
From the design, experimental and modeling perspectives. In the future, to further advanced 
the design methodology, topological optimization and machine learning can be used to create 
new designs with new properties. For experiments, micro/nano scale experimental technics can 
be developed to explore the mechanical behaviors of the designs in a much small scale. Tri-
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axial compression experimental set-up can be developed for quantifying the mechanical 
behavior of the designs under tri-axial loading cases. For mechanical modeling, more advanced 
constitutive model can be developed to capture the mechanical response of the material under 
large deformation. For example, to use a hyperelastic material model to capture the overall 
mechanical response of the auxetic chiral cellular solids designed; or develop nonlinear 
micropolar theory to capture the large deformation behavior; or to incorporate multi-physics 
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Appendix 2.A: Self-contact strain for re-entrant honeycomb 
The schematics of the self-contact mechanism of re-entrant honeycomb under uniaxial 
compression in direction D2 is shown in Fig.2.A.1. 
 
Figure 2.A.1 The schematics of the self-contact mechanism of re-entrant cell under uniaxial 
compression along direction 2. 
 
The critical displacement  𝑐𝑟2
𝑐  for self-contact under compression along direction 2 is 
shownin Fig.2.A.1c and can be expressed as 
  𝑐𝑟2
𝑐 = ℎ − 2𝑙𝑠𝑖𝑛𝜃 . (2.A.1) 
The original length of the RVE along direction 2 is 
  2 = 2ℎ − 2𝑙𝑠𝑖𝑛𝜃 . (2.A.2) 




















Appendix 2.B: Self-contact strain for chiral cell 
The schematics of the self-contact mechanism of a chiral cell under un-axial compression 
in shown in Fig.2.B.1.  
 
Figure 2.B.1 The schematics of the self-contact mechanism of a chiral cell under uniaxial 
compression along direction 2. 
 
The initial length of the RVE in direction 2 can be represented as, 
  20 = 4𝑎 sin(𝛼0 2⁄ ), (2.B.1) 
where a is the length of the ribs of the chiral cellular, 𝛼0 is the initial angle between the active 
ribs along direction 2. When self-contact occurs, the length of the RVE in direction 2 can be 
represented as, 
  2 = 4𝑎 sin(𝛼 2⁄ ), (2.B.2) 
where 𝛼 is the angle between the active ribs along direction 2 when self-contact occurs. 𝛼 






 𝛼 = 𝛼0 − 2∆𝜑𝑎, (2.B.3) 
where ∆𝜑𝑎 is the rotation angle of the active ribs under deformation as shown in Fig.2.B.1. 

















 . (2.B.4) 
∆𝜑𝑎 can be found from the relation between  0 and  , which are the angles between the 
active ribs and passive ribs before deformation and after self-contact, respectively. 
From the kinematics,  0 can be expressed as, 









 . (2.B.5) 
Then,   is expressed as, 
  =  0 + ∆𝜑𝑎 − ∆𝜑𝑝 , (2.B.6) 
where ∆𝜑𝑝 is the rotation angle of the passive ribs, which can be represented as 𝑅𝑝/𝑎∆𝜑𝑎. 
Thus, Eq.(2.B.6) becomes, 









+ (1 − 𝑅𝑝/𝑎)∆𝜑𝑎. (2.B.7) 
When self-contact occurs, the following equation holds, as shown in Fig.2.B.1 
  + 2𝛼 = 𝜋. (2.B.8) 

























Appendix 3.A: A single-material design with locally enhanced 
ribs 
During the deformation, the potential bending of the connecting ribs (light grey ones in 
Fig.3.A.1 (left)) of the re-entrant core cells need to be avoided. Thus, in the main text, these 
connecting ribs were designed as a stiffer material than other ribs, and multi-material 3D 
printing is needed. However, an alternative single-material design can also achieve similar 
mechanical properties and behaviors. The alternative single-material design shown in Fig.3.A.1 
(right) is generated by locally thickening the connecting ribs instead of using a stiffer material.   
 
Figure 3.A.1 (a) The original multi-material design (left) and the alternative single-material 
design (right); (b) the comparison of the cell opening factors of the two designs: 𝐶𝑜𝐹𝑏𝑠 
(blue) and 𝐶𝑜𝐹𝑐𝑠 (red) vs. the overall strain; (c) the comparison of the stress-strain curves of 
the two designs; and (d) the comparison of the Poisson’s ratio vs. the overall strain for the 
two designs. 













































To verify the alternative single-material design, the FE model of the design is shown in 
Fig.3.A.1 (right) was developed. The details of the FE simulations are provided in the section 
of Methods. The two designs share the same geometry parameters: c0/b0 = 0.5 and 𝜃 =
 0°. The material of the major part (dark green) of the original design is the same as the material 
in the single-material design.  
The FE results of the cell opening factors 𝐶𝑜𝐹𝑏 and 𝐶𝑜𝐹𝑐, stress-strain curves, and the 
Poisson’s ratios of the two designs are compared in Figs.3.A.1b, 3.A.1c, and 3.A.1d, 
respectively. Fig.3.A.1b shows that when the overall strain is less than 30%, the 𝐶𝑜𝐹𝑏𝑠 and 
𝐶𝑜𝐹𝑐𝑠 of the two designs are very similar, and when the overall strain becomes larger than 
30%, the 𝐶𝑜𝐹𝑏 𝑠 and 𝐶𝑜𝐹𝑐  𝑠 of the single material design become lower than those of the 
original design. Fig.3.A.1c shows that the stress strain curves of the two designs are very close 
to each other. Also, for the two designs, the trends of the evolution of the Poisson’s ratios are 
very similar, although the Poisson’s ratio of the single material design is ~0.1 above that of the 
original design. 
In summary, the FE results show that the single-material design has very similar properties 
and behavior as the original design and therefore can be an alternative design option when 




Appendix 4.A: Conceptual design 
To achieve unique cell opening mechanism, new chiral mechanical metamaterials with 
auxetic cellular cores were designed. The chiral cell with rib-length 𝑏0 was used as the starting 
geometry (Fig.4.A.1a), then each rib connecting to the cell-center O was offset 𝑐0 clockwise 
to create four new ribs paralleling to the parent ribs. Then the four parent ribs were 
disconnected from the cell center O and formed a core cell together with the new ribs. Thus, a 
unit cell of new periodic chiral metamaterials was generated.  
The initial volume ratio 𝑉𝑐0 𝑉𝑏0⁄  between the core cell and base cell is related to the 
initial length ratio 𝑐0/𝑏0 via 




Thus, the volume ratio between the core cells and the base cells 𝑉𝑐0 𝑉𝑏0⁄  can be tuned by 
the cell size ratio  𝑐0/𝑏0 , as shown in Fig.4.A.1b. When 𝑐0/𝑏0  increases, 𝑉𝑐0 𝑉𝑏0⁄  will 




Figure 4.A.1 (a) The conceptual design of the new chiral cell with a chiral core; and (b) The 























Appendix 4.B: Boundary effects 
Due to the limited numbers of cells in the specimens designed, the experimental results do 
not directly represent the intrinsic properties of the design with infinite numbers of cells. To 
better accommodate the horizontal expansion, soft linkages were designed at the boundary of 
specimens to connect the specimens to the grips, as shown in Fig.4.B.1a. 
To evaluate the influence of the linkages and boundary effects, by taking the designed 
geometry of specimen 2 as an example, FE simulations with three different boundary 
conditions were preformed: without linkages, with linkages and with periodic boundary 
condition. The Poisson’s ratio of the three cases are output and compared in Fig.4.B.1b. It 
shows that, with the periodic boundary condition, the Poisson’s ratio is ~-0.41 initially and 
decrease down to ~-0.90 during deformation. However, due to the constraints from the 
boundaries, the Poisson’s ratio is larger for the first two cases. For example, for the case without 
linkages, the Poisson’s ratio is only ~-0.17 initially and decreases to ~-0.32 during deformation; 
and for the case with the designed linkages, the Poisson’s ratio is ~-0.20 initially and decrease 
to ~-0.40 during deformation.  
Fig.4.B.1 shows that due to the limited numbers of cells in the specimens and the 
constraints from the boundaries, the Poisson’s ratio measured is larger than the intrinsic 
properties of the periodic metamaterials with infinite numbers of cells. Also, compared with 
the case without linkages, by adding the linkages at the boundaries, the boundary effects are 




Figure 4.B.1 (a) The design of the Specimen2 with soft linkages at the boundaries; and (b) the 
FE results of the Poisson’s ratio vs. overall strain for three different boundary conditions: 






















Appendix 4.C: Chirality-induced cell rotation 
To quantify the chirality-induced cell rotation, the rotation angles (define counter-
clockwise as positive) of the core cell and the base cell of the three specimens are plotted as 
functions of ε in Fig.4.C.1a, Fig.4.C.1b and Fig.4.C.1c, respectively. It shows that for all three 
specimens, core cells and base cells rotate in opposite directions: the core cells rotate counter-
clockwise (positive) and the base cells rotate clockwise (negative). This is due to the different 
handedness of the chiral core and base cells in this design. 
 
Figure 4.C.1 Experimental and FE results of the rotation angles of the core and base cells vs. 
































































Appendix 4.D: Measurement of Poisson’s ratio 
As shown in Fig.4.D.1, to calculate the Poisson’s ratio, in experiments, the displacements 
of the white markers on the four cells around the center cell were tracked. Then the 
displacements of the centers of these four cells are determined accordingly. The horizontal 
distance of 𝐿1  and the vertical distance of 𝐿2  were output at each time step. Thus, the 
Poisson’s ratio can be calculated via 










0 , (4.D.1) 
where, 𝐿1
0  and 𝐿2
0  are the initial distance (undeformed configuration) between the two 
horizontal and the two vertical cells, respectively; 𝐿1
𝑖  and 𝐿2
𝑖  are the corresponding distances 
in the deformed configuration; and 𝑖 represents the time step number and 𝑖 = 1,2,3,⋯. Similar 
measurement was used for FE simulations as well. 
 
Figure 4.D.1 The measurement of Poisson’s ratio, (a) the initial undeformed configuration 




Appendix 4.E: Two cases of parametric study showing two cell 
opening mechanisms 
The FE contours of maximum principal stress for two representative cases of  1 and  2 
(in Fig.4.9) are shown in Fig.4.E.1. Case  1  is with 𝑐0 = 1.4 mm, 𝑏0 = 5.30mm, and 
𝑐0/𝑏0 = 0.2 ;  1 = 2 0MPa,  2 = 0.2 MPa, and  1  2⁄ = 1000. Case  2 is with 𝑐0 =
3.50mm, 𝑏0 = 5.30mm, and 𝑐0/𝑏0 = 0.  ;  1 = 0.2 MPa,  2 = 0.2 MPa, and  1  2⁄ =
1. Two different sequential cell opening mechanisms were observed for cases  1 and  2. As 
shown in Fig.4.E.1a, for case  1, the cells deform in two steps: Step1, the core cell opens, 
while the base cell mainly rotates clockwise; Step2, the base cell opens, while the core cell 
mainly rotates counter-clockwise. As shown in Fig.4.E.1b, for case  2, the cells deform also 
in two steps: Step1, the base cell opens, while the core cell mainly rotates counter-clockwise; 




Figure 4.E.1 FE results on cell-opening mechanisms, (a) FE results of one representative case 
(case  1 with 𝑐0/𝑏0 = 0.2 ,  1  2⁄ = 1000) for Mechanism I, and (b) FE results of one 









Mechanism I: Core (smaller) cells open first
Mechanism II: Base (bigger) cells open first
(a)
(b)
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Appendix 5.A: Critical strain of buckling using Euler beam 
theory 
The buckled shape of the hybrid square lattice is showed in Fig.5.A.1. 
 
Figure 5.A.1 The buckled shape of square lattices 
 
Euler beam theory can be used to predict the critical load and critical strain of the hybrid 
square lattice in Mode I. In order to do so, first, the location of the neutral axis (NA) of each 
rib needs to be calculated. The schematic drawing of the composite beam with two phases is 







Figure 5.A.2 The schematic drawing of the cross section of a composite beam with two 
phases 
 
It is known that 
 0 =  𝑠(𝑦𝑠 𝑠) +  ℎ(𝑦ℎ ℎ) =  𝑠𝑦𝑠 𝑡/2 +  ℎ𝑦ℎ 𝑡/2 , (5.A.1) 
where,  𝑠 and  ℎ are the Young’s modulus of soft and hard material, respectively; 𝑦𝑠 and 
𝑦ℎ are the distances between the mid-axis of the soft and hard material and the neutral axis of 
the beam.  𝑠 and  ℎ are the cross-section area of the soft and hard phase, respectively. Thus, 
for the current design  𝑠  =  ℎ  =  𝑡/2, where, d is the length of the beam and t is the 





















From geometry, the relation between 𝑦𝑠 and 𝑦ℎ is  
 −𝑦𝑠 + 𝑦ℎ = 𝑡/2 . (5.A.3) 














 . (5.A.5) 


















2 . (5.A.6) 


















2 . (5.A.7) 
Therefore, the critical load of instability can be calculated as, 
























2)) . (5.A.8) 




































2  , 
(5.A.9) 
where,    is the effective Young’s modulus of the beam with two materials, which can be 
expressed as, 
   =
𝐸𝑠+𝐸ℎ
2
 . (5.A.10) 
By defining the stiffness ratio between the hard and soft phases as 𝑛 =
𝐸ℎ
𝐸𝑠
, Eq.(5.A.9) can 























where K is the column effective length factor depending on n. When the beam has the pin-pin 
boundary condition, 𝐾 = 1, which is the case of 𝑛 = 1. When n increases, more constraints 
will be introduced to the ends of the beam, therefore 𝐾 decreases.  




) = 𝐶(𝑛 − 1) , (5.A.12) 
where, 𝐾𝐼 an  𝐾𝐼𝐼 are the 𝐾 values for the mode I and model II instability mode, respectively. 
In this study, 𝐾𝐼 = 1 and 𝐾𝐼𝐼 is obtained through FE simulations. 𝐶 is a coefficient to best 















Appendix 5.B: Strain energies in the soft and hard phases of 
the hybrid square lattice 
Based on Euler beam theory. Assuming after instability, the load keeps constant, the strain 
energy of the whole model is, 
  𝐼 = 4 𝑐𝑟∆  , (5.B.1) 
where ∆  is the displacement of post instability. 
Since for Mode I, the deformed shapes of soft and hard phases are same. The total strain 
energy for whole model should be distributed into soft and hard phases according to the 
stiffness of soft and hard phases as, 
  𝑠
𝐼 =  𝐼
𝐸𝑠𝐼𝑠
𝐸𝑠𝐼𝑠+𝐸ℎ𝐼ℎ
 , (5.B.2) 
  ℎ
𝐼 =  𝐼
𝐸ℎ𝐼ℎ
𝐸𝑠𝐼𝑠+𝐸ℎ𝐼ℎ
 , (5.B.3) 
According to Eqs.(5.A.8) and (5.B.1), the total strain energy of the model can be written 
as, 
  𝐼 =














)) . (5.B.4) 
Therefore, Eqs.(5.B.2) and (5.B.3) can be written as, 
  𝑠
𝐼 =








) 𝑠 , (5.B.5) 
  ℎ
𝐼 =








) 𝑛 𝑠 , (5.B.6) 
Based on a rotational spring rigid rod model: Assuming the force after instability is constant. 
The strain energy of the whole model in the post instability range is, 
  𝐼𝐼 = 4 𝑐𝑟
𝐼𝐼∆  , (5.B.7) 
where  𝑐𝑟
𝐼𝐼 is the critical load predicted by the rotational spring rigid rod model and ∆  is the 
displacement of post instability. 
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For Mode II, the hard part is rigid and the strain energy of it should be 0, therefore, the 
strain energy in the soft phase should equal to the total energy in the whole model: 
  𝑠
𝐼𝐼 =  𝐼𝐼 . (5.B.8) 
Therefore, to find  𝑠
𝐼𝐼, the critical load  𝑐𝑟
𝐼𝐼 for the rotational spring rigid rod model needs to 
be derived as the following: 
The schematic drawing of the RRRS model of the beam is shown in Fig.5.B.1 
 
Figure 5.B.1 The schematic drawing of beam bucked with RRRS model (solid line represents 
the undeformed shape and the dash line represents the deformed shape). 
 
Based on the rigid-rod-rotational-spring model, energy method was used for the stability 
analysis. If the applied external load along the loading direction is P, the total potential energy 
Π of the unit shown in Fig.5.B.1 is 
 Π =  −    , (5.B.9) 


















2 , (5.B.10) 
where, 𝜃1, 𝜃2, and 𝜃3 are the angles after the ribs are buckled as shown in Fig.5.B.1. 
  is the displacement of the external force   along the loading direction, which can be 
derived from the kinematics as, 
  = 2𝐿 − (
𝐿
2
𝑐𝑜𝑠𝜃1 + 𝐿𝑐𝑜𝑠𝜃2 +
𝐿
2
𝑐𝑜𝑠𝜃3) . (5.B.11) 
According to the buckling mode of Mode II, the relation of the 𝜃1, 𝜃2, and 𝜃3 is, 
 𝜃1 = 𝜃2 = 𝜃3 . (5.B.12) 
Assuming 𝜃1, 𝜃2, and 𝜃3 are very small, 𝑐𝑜𝑠𝜃1, 𝑐𝑜𝑠𝜃2 and 𝑐𝑜𝑠𝜃3 can be linearized 
as, 












 . (5.B.13) 
By substituting Eqs.(5.B.10), (5.B.11), (5.B.12), and (5.B.13) into Eq.(5.B.9), the total 
potential energy Π can be written as, 
 Π = 4𝐾𝜃𝜃1
2 −  𝐿𝜃1
2 . (5.B.14) 











 . (5.B.16) 
𝐾𝜃 can be obtained from FE simulation results of the critical strain. 











𝐸 𝐿  
  . (5.B.17) 
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where, the    is the effective Young’s modulus of the hybrid beam, which can be 
approximately calculated according to an equivalent beam shown in Fig.5.B.2. 
 
Figure 5.B.2 The schematic drawing of equivalent beam to calculate the effective Young’s 
modulus of a hybrid beam. 
 
Fig.5.B.2 (left) shows a real beam of the hybrid square lattices (red part represents the soft 
phase and the white part represents the hard phase). There are some areas that have mixed hard 
and soft materials, which are not arranged in same area (shown as the vertical distance t area). 
To calculate the effective Young’s modulus, an equivalent beam is proposed according to the 
total area of the soft and hard material as shown in Fig.5.B.2 (right). The mixed part is now 










































  . (5.B.18) 
According to the FE simulation results, for Mode II, when 
𝐿
 
=  .25, the critical strain is 
~0.008. For Mode II, the critical strain has no influences on   ,  , and 𝑡. Therefore, 𝐾𝜃 ∝
 
 𝐸  3
𝐿
. By introducing a nondimensional coefficient C, let, 
 𝐾𝜃 =
𝐶 𝐸  3
𝐿
 . (5.B.19) 
By combining Eqs.(5.B.17) and (5.B.19) and substituting 𝑐𝑟 = 0.00 0  from FE 
simulation results and, 𝑡 = 1mm and 𝐿 =  .25mm from the geometry of the FE model, C can 




By combing Eqs.(5.B.7), (5.B.8), (5.B.16), (5.B.18), and (5.B.19),  𝑠
𝐼𝐼 ,  ℎ






∆  , (5.B.19) 
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Appendix 7.A: The force-displacement curves of 3D chiral and 
achiral FE simulations 
The raw data of the FE force-displacement curves of the 3D chiral and designs are 
presented in this appendix. For the models shown in Figs.7.A.1a and 7.A.1b in Chapter 7.6, the 
force-displacement curves the 3D chiral and 3D achiral models were output from the FE 




Figure 7.A.1 FE force-displacement curves for (a) 3D FE chiral models with different cell 
sizes and (b) 3D FE achiral models with different cell sizes. 
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For the FE models shown in Figs.7.A.2a and 7.A.2b in Chapter 7.7, the force-displacement 
curves the 3D chiral and 3D achiral designs were output from the FE simulations, as shown in 
Figs.7.A.2c and 7.A.2d, respectively. 
 
Figure 7.A.2 FE force-displacement curves for (a) 3D chiral models with different stiffness 
ratio, and (b) 3D achiral models with different stiffness ratio. 
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For the FE models shown in Figs.7.A.3a and 7.A.3b in Chapter 7.8, the force-displacement 
curves of the 3D chiral and 3D achiral models were output from the FE simulations, as shown 
in Figs.7.A.3c and 7.A.3d, respectively. 
 
Figure 7.A.3 FE force-displacement curves for (a) 3D chiral models with different rib angles, 
and (b) 3D achiral models with different rib angles. 
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